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1 Introduction 

This paper is the first part of a program aimed at a better understanding of how the 
recently defined Seiberg-Witten-Floer homology for any closed 3-manifold Y with a 
Spin"^ structure s [7], [12], [18], [20], [35] behaves under surgery. The non-equivariant 
Seiberg-Witten-Floer homology is constructed from the chain complex generated by the 
irreducible critical points of the perturbed Chern-Simons-Dirac functional on the space 
of -configurations modulo the action of L^-gauge transformations, the differential is 
defined by counting the gradient flow lines connecting the critical points of relative 
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index one. These critical points are the equivalence classes of solutions to the Seiberg- 
Witten equations on {Y,5) modulo gauge transformations. The gradient flowlines are 
the equivalence classes of solutions to the Seiberg-Witten equations on y x R with the 
pull-back Spin'^ structure, modulo gauge transformations. For a general introduction 
to Seiberg-Witten Floer theory see [20]. 

Throughout the paper we are considering an oriented, closed homology 3-sphere Y 
and a knot K smoothly embedded in Y. We consider two other manifolds obtained 
by Dehn surgery on K: a homology 3-spherc Yi, obtained by -|-l-surgery on K, and a 
3-manifold Yq which has the homology of x S'^, obtained by 0-surgery on K. Our 
main goal is to establish the existence of an exact triangle relating the Seiberg-Witten- 
Floer homology groups of these manifolds. A similar setup for instanton homology 
in Donaldson theory was considered in [2], where Floer's ideas on the corresponding 
construction of the exact triangle for instanton homology are presented. 

Because of various technical difficulties intrinsic in this program, we need to sub- 
divide the problem into several steps. In this first paper we deal with the "geometric 
triangle", namely we introduce a suitable "surgery perturbation" ji for the Seiberg- 
Witten equations on Y that simulates the effect of surgery. We use the notation M.y,ij, 
for the moduli space of gauge classes of solutions of the perturbed Seiberg-Witten equa- 
tions on Y, My^ and Myo{s) for the moduli spaces of the perturbed Seiberg-Witten 
monopoles on Yi and (Yi,s), where 5 is a Spin*^ structure on Yq. 

Our main result in this paper is to prove the following decomposition theorem for 



Theorem 1.1. With a careful choice of perturbations and metrics on Y,Yi and Yq, we 
have the following relation between the critical sets of the Chern- Simons- Dirac func- 
tional on the manifolds Y, Yi and Yq : 



where Sk runs over the Spiif -structures on Yq. 

In section 2, we will briefly review the perturbation theory we use to define our 
moduli spaces. In this paper, we only introduce perturbations sufficient to achieve 
transversality of moduli spaces of critical points. Eventually, when dealing with the 
full Seiberg-Witten-Floer homology, we shall need a more sophisticated class of pertur- 
bations that achieve transversality simultaneously for moduli spaces of critical points 
and of flow lines. These will be non-local perturbations of the Chern-Simons-Dirac 
functional, somewhat similar to those proposed in [12]. We shall deal with this more 
refined perturbation theory elsewhere. 

In section 3, we will study the Seiberg-Witten monopoles on the knot complement 
V = Y — K, equipped with a cylindrical end metric modelled on x [0, oo). We use the 





(1) 
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notation xi^'^- ^) foi" the moduli space of flat connections on modulo the subgroup 
of gauge transformations on which can be extended to V. Notice that x(^^) ^) is 
a Z-covcring of the moduli space of flat connections on modulo the gauge group 
Map{T^ ,U{1)) which we denote by x(^^)- x(^^)) there is a unique point O such 
that the Dirac operator on coupled with has non-trivial kernel. The main result 
in section 2 is the following structure theorem for the monopole moduli space Mv- 

Theorem 1.2. For generic metrics and perturbations, the moduli space of Seiberg- 
Witten monopoles on V , denoted by My, consists of the union of a circle of reducibles 
Xiy) 0''f'd an irreducible piece M.y which is a smooth oriented 1-dimensional manifold, 
compact except for finitely many ends limiting to x^V)- Moreover, there is a continuous 
boundary value map 

^^y^x(^^F)^x(^2). (2) 

defined by taking the asymptotic limit of the Seiberg- Witten monopoles on V over the 
end. Under doo, xiY) mapped to a circle in x(T'^,y); and the compactification 
Aiy of My is m,a,pped to a collection of com,pact immersed curves in x{T'^,y) whose 
boundary points consist of a finite set of points in 7r^-'^(0) U 9oo(x(^))- For generic 
perturbations the interior of the curve d(x,{Aiy) is transverse to any given finite set of 
curves in x(^^) V). 

For simplicity of notation, in the following we shall not distinguish between x(^) 
and its embedded image 5oo(x(^)) C x(^^) 

In section 4, we will establish a gluing theorem for the moduli spaces of critical 
points of the Chern-Simons-Dirac functional when cutting and gluing the 3-manifold 
along a torus. In our case, these are the moduli spaces of monopoles on a closed 
manifold which is either Y, Yi, or Yq. Let i^(i^) be a tubular neighbourhood of K in 
a closed manifold Z, so Z = V U I'iK). We may cut Z along and glue in a long 
cylinder [— r, r] x T^, resulting in a new manifold denoted by Z(r). Use the notation 
x(T^, Z) for the character variety (or moduli space) of flat connections on a trivial line 
bundle over modulo the gauge transformations on which can be extended to Z. 
We denote by xiy{^)i^)) the moduli space of flat connections on u{K) modulo the 
gauge transformations on u{K) which can be extended to Z. there is a natural map 
x{v{K),Z) x{T^,Z). We denote by M*yz the moduh space of the Seiberg- Witten 
monopoles on V modulo the gauge transformations on V which can be extended to Z. 
We have a refinement of the boundary value map of (2): 

M*y,z^x{T\Z). (3) 

Then we have the following gluing theorem. 
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Theorem 1.3. For a sufficiently large r, under suitable perturbations and choice of 
metrics, there exist the following diffeomorphisms given by the gluing maps on the 
fibered products 

*Yo : M*y,Y, XxiT^Yo) xHK),Yo) (J^^owC^)- 

s 

Here, -M-Y^^y -^Yi(r) '^'^^ •^YQ{r) '^'"'^ moduli spaces of irreducible monopoles on 
Y{r),Yi{r) and YQ{r) respectively, and s runs over all the possible Spin"^ structures on 
Yq. The fiber product is taken with respect to the refined boundary value maps (3) from 
M*v,yMv,y^ andM*y^Yo toxiT^Y), x{T^Yi) and x{T^Yo) respectively. 

The proof of Theorem 1.3 is based on balancing the slow decay of certain eigenfunc- 
tions of the linearization at the approximate solutions, against the exponential decay of 
the finite energy solutions on V with non-degenerate asymptotic value, thus obtaining 
an unobstructed gluing. 

Using the gluing Theorem 1.3, together with the constrviction of the perturbation 
/J, that "simulates the effect of surgery", we will be able to derive a corresponding 
deformation of the moduli spaces, and the expected relation between the generators of 
the Floer groups as in Theorem 1.1. 

In the last section, we apply the result of Capell-Lee-Miller on the decomposition 
of spectral flow (Theorem C of [4]) to study the relative gradings of monopoles under 
the identification of Theorem 1.1. We show that the identification of Theorem 1.1 is 
compatible with the relative gradings on the Seiberg-Witten-Floer chain complexes (Cf. 
Proposition 6.2 and Proposition 6.4). 

Acknowledgments We are very grateful to Ronnie Lee, Tom Mrowka, Vicente 
Munoz, and Peter Ozsvath for useful discussions and suggestions. We like to thank 
Cliff Taubes for providing the proof of Lemma 2.3 and Liviu Nicolaescu for the proof of 
Lemma 4.11. The three authors also thank the Max-Planck-Institut fiir Mathematik, 
Bonn for the kind hospitality and for support. AC and BW arc partially supported by 
Australian Research Council. MM is partially supported by NSF grant DMS-9802480 
and by Humboldt Foundation (Sofja Kovalevskaya Award). 

2 Seiberg-Witten equations on 3-manifold 

The 3-dimensional Seiberg-Witten monopoles on a compact manifold have been exten- 
sively studied in [6] [8] [11] [13] [14] [20] [21] [24]. In this section we will briefly recall 
some of the main features of 3-dimensional monopoles. A 3-dimensional monopole, as 
noted first in [13], can be viewed as a critical point of the Chern-Simon-Dirac functional 
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on an infinite dimensional space (the orbit space of Spin'^ connections and sections of 
the spinor bundle under the action of the gauge group). We recall the basic setting of 
3-dimensional Seiberg-Witten theory, then we will end this section with the observa- 
tion that, under a generic perturbation with compact support in a fixed open set, the 
critical points are all non-degenerate. 

Let (y, g) be a closed, oriented Riemannian 3-manifold. A Spin*^ structure s on {Y, g) 
is a pair (W, p) consisting of a rank 2 Hermitian bundle W together with a Clifford 
multiplication p : T*Y End{W). If {61,62,63} are an oriented orthonormal frame 
for ry, we choose the Clifford multiplication such that p{ei) p{e2) p{ez) = 1. 

With the Levi-Civita connection on the frame bundle of y, a {7(l)-connection A on 
the determinant bundle det{W) determines a Spin*^ connection Va on W such that p is 
parallel. Applying Clifford multiplication, we can define a Dirac operator, denoted by 
^A- Then the Seiberg-Witten equations are the equations for a pair (A, ■0) consisting 
of a i7(l)-connection on det{W) and a section oiW {'^ is called a spinor): 



Here is a co-closcd imaginary-valued 1-form on y, and (t(-, •) is a symmetric M-bilinear 
form W ®W ^T*Y ®iR given by 



Note that this M-bilinear form cr(-, •) satisfies the following property [7]: 

(1) Under Clifford multiplication, we have a{'^,ip).'^ = — ^IV'I^V'j ^^id 

{a.^^ip) = 2{a,a{'ilj,'ilj))T*Y, for a G n^{Y,iR). 

(2) a{ip, ^) = if and only if on y — ■^"^(0) (p = irip for a real- valued function r on 

y- V^Ho). 

(3) For any imaginary valued 1-form a, (j{a.il), <p) + C7(V', a.cj)) = —{Re{ip, 4>))a. 

(4) If V' is a nowhere vanishing section of then W = CV'©V'"'") and a{Tp, •) defines 
a bundle isomorphism between M^; © tp-^ and T*Y ® iM. 

Denote by Ay the configuration space of (y, s) consisting of pairs (A, ip) with the 
completion under L^-norm. The gauge group of automorphisms of the Spin'^-bundle W 
is Qy = M.ap{Y,U{l)) with L2-completion. Qy acts on Ay by 



and the Seiberg-Witten equations are invariant under this action. Denote by By the 
quotient space of Ay by the gauge group action. By is an infinite dimensional Hilbert 




(4) 



(7(^,-0) = -p-''^{{lp®1p*)o) = -p-'^{lp®1p- 

= -j^Im{p{ei)i},i})e'- 



,* 




u{A,il:) = {A — 2u ^du,utp), 
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manifold except at points where the spinor part is zero, which are called reducible 
points. Otherwise, points {A,tp) with ip ^ arc called irreducible. As noted in [13], 
the Seiberg-Witten equations on (1", s, g) arc the equations for the critical points of the 
following Chern-Simons-Dirac functional on Ay- 

C^{A, V') = - Aq) a {Fa + - 2 * /x) + ^(V, ^A^)dvolY, (5) 

where is a fixed connection on detiW). Note that C^^ descends to a circle- valued 
function on By- The set of critical points of C^^ on By is denoted by A^y,^(s), its 
irreducible critical point set is denoted by A1y_^(s)*. 

For any critical point (A, ^) on Ay, the infinitesimal action of Qy and the derivative 
of grad{Cij) at (A, ip) define a complex 

2 (y, iM) ^"^^ (y, i^)®Ll{w) "'^^^^ {y, iR)®L\w), (6) 

where the maps G(^A,tp) -^(A.V') ^® given by 
G(A,v>)(/) = (-2d/,/^), 

H(A,tjj){a, 4>) = {*da - 2a{ip, 4>), ^a4> + -^Oi-i^)- 

We say that [A, ■0] is a non-degenerate critical point of C^^ on By if the middle 
cohomology of (6) is zero: 

KerH^A,i,^/ImG^A,i,) = 0. 

At the smooth points of By, this definition is the same as saying that the derivative of 
grad{C^) at a critical point is non-degenerate. The gradient of C^^ can be viewed as an 
L^-tangent vector field on By, a section of the L^-tangent bundle over By, while the 
tangent space of By at [A, ■0] is the -completion of 

-f^erG^^ = {(q, + ilm{^), 0) = 0.} 

The covariant derivative of grad{C^), denoted by H^a,iI)\-i defines a operator on 
KerG*^j^^^y sending {a,4>) G KerG*^^^^^^ to 

{*da - 2a{iP, (t>) - 2df, ^a<P + \a4 + /V'), 
where / is the unique solution to the equation 

{d*d+]^\^\'')f = iIm{^A'4^,4>)- 

Note that H\^a,^ is a closed, unbounded, essentially self-adjoint, Fredholm operator 
on the L^-completion of KerG*,. , its eigenvectors form an L^-complete orthonormal 
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basis, its L^-spectrum forms a discrete subset of the real line with no accumulation 
points. Hence, as in [20], the spectral flow of i^jy^ ,^], along a path connecting two critical 
points defines a relative index on Aiy^i^) ^ -^y^(^)- This relative index depends only 
on the homotopy class of the connecting path for non-torsion Spin'^ structure (Cf. 
Remark 4.5 in [20] and Definition 3.6 in [7]). 

The following properties about the critical points of are now standard (See [20] 
[8] [11] [14] [16]). 

Proposition 2.1. There exists a Baire set of co-closed 1-form fi G ^l^j^2{Y,iM.) such 
that all the critical points in A^y^^(s) are non-degenerate. Moreover, if bi{Y) > 0, 
My,ij,{s) consists of only finitely many irreducible points in By; if Y is a rational 
homology 3-sphere, assume that a generic fj, satisfies Ker^Q = (where 9 is the unique 
reducible point in A1y,^(s), that is, ^Fq = fJ,), then My,ij,{s)* = My,ij,{s) — {0} consists 
of only finitely many irreducible points. 

In this paper and sequel work, it is convenient to use a perturbation with support 
contained in a fixed open set, so that Proposition 2.1 still holds for perturbations with 
compact support contained in a fixed open set. The first such statement was made in 
Proposition 7.1 [32] by Taubes, who kindly communicated the proof to us. 

Proposition 2.2. Fix a non-empty open set U in Y and a Spin'^ structure s on 
Y, if bi(Y) > and ci{det{s)) = 0, we require that U is chosen so that the map 
ii"^(y, R) — ^ H'^(U,W) is non-zero. Then there exists a Baire set of co-closed imaginary 
valued 1 -forms fx with compact support in U such that all the critical points of on 
By are non-degenerate. 

Proof. We first study the family version of the critical points of on By, where fi 
is from a set of imaginary valued co-closed 1-forms on Y with compact support in U. 
Denote this set of perturbations as Z{U, iM). Let [fi, A, tp] be a critical point of C^. We 
need to show that the derivative of the gradient of {C^}^eZ(c/,iR) is surjective. Namely, 
consider 

KerGl^^^^x Z{U,iR) ^ KerGl^^^^, 

which sends (a,0,/xi) to 

{*da - 2a{ip, (p) + /xi, ^a4> + ^"•V')- 
Suppose that (a, (p) is orthogonal to the image of the above map, then (a, cp) satisfies 
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the following equations: 



(1) 

(2) 
(3) 
(4) 



d*a + ilm{4!, 4>) = 0, 

*da — 2a{tp, (j)) = 0, 
^a4> + \ot.'4) = 0, 



a is exact when restricted to U. 



(7) 



The elliptic regularity implies that (a, 4>) is smooth. Prom (4) and (2) of equations 
(7), we know that a{tl^,(j)) = on U. The following Lemma due to Taubes [33] will 
ensure that cr^tp, 0) = on Y. Hence, there is a real-valued smooth function f on Y, 
such that (p = if'fp- Using (3) of (7), we obtain 



on Y. Note that ip ^{0) does not disconnect any domain in Y (the unique continuation 
principle for Dirac operator (see page 57-58 [10])). Therefore, / = which implies that 



Prom the Sard-Smale theorem, there is a Baire set of /x G Z{U,i'R) such that all 
critical points of C^^ in By are non-degenerate for a generic fi. 

Now we need to prove that the reducible critical point of is also non-degenerate. 
By the assumption, admits reducible critical point if and only if y is a rational 
homology 3-sphere. From the analysis in [20], we know that, in order to achieve the 
non-degenerate condition at reducible critical point, /i is required to be away from 
the codimension one subset Z{U,iM.) where the corresponding Dirac operator has non- 
trivial kernel. This completes the proof of the Proposition. Now we give the proof of 
Taubes' Lemma. 

Lemma 2.3. (Taubes) Let {A,tp) and {oi,4>) o,^ above, where {A,i/j) is a solution to 
the Seiberg-Witten equation (4) and {a,(f)) satisfies (l)-(3) of the equations (7). Then 
q = (f)) obeys an equation of the form 



at all points where ip ^ 0. Here A is the Laplacian on differential 1- forms and H and 
K are linear maps that depend implicitly on ip. The set of points where ip ^ is path 
connected open dense set in Y . The unique continuation principle applies to q so that 
q cannot vanish on U without vanishing everywhere on Y. 




on Y, which leads to a = —2idf on Y. By the equation (1) in (7), we get 



2d*df + = 



(«,</>) =0. 



Aq = H ■ q + K -Vq 
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Proof of Taubes' Lemma : Apply the Laplacian to q = a{ilj,(f)), we have the following 
expression of Aq: 

Aq = a{A^, (t>) + (7(^, A4>) + 2(7({Va^, Va4>}t*y), (8) 

here A acting on spinors is V^V^, and {VaV') ^ a4'}t*y is the pairing using the metric 
on T*Y . Now invoke the Weitzenbock formula for the Dirac operator, 

where n is the scalar curvature on Y. Thus, from the Dirac equations for and 0, we 
obtain 

A(/> = f - \{*Fa)4 + \{d*a)il) - \{*da)4 - V^V, 

here V^ip = {a,V^V}T*y- Plug these two equations into (8), and note that 
(7(V', ^{d*a)'ip) = and cr('i/', -^{*da).ip) = \tp\'^q. We get 



i1 + m^)q + *FAiRe{^,(^)) 



(9) 

+2a({VAV', Vyi<^}T-y) + -V^V)- 
Write (f) = iril) + A where r is a real- valued function on Y and i?e(A, = 0, then 

Re{'il^,(t)) = Re{ip,X), 
<t({VaV'> VA0}T*y) = <t({VaV') V^AjT^y) + a{{VAtp, idr ^p}T*Y)■ 
Hence the equation (9) can be written as 

Aq = (^,+\^lJ\■')q + *FA{Re{1|J,X)) 

+2a({VA^, VAA}T*y ) + - V^+^^^V')- 

To complete the proof, we only need to show that A, V^A and a + 2idr can be 
written as combinations of linear maps on q and Vg. On the set of points where 
■ip 0, 0, = Y — ijj~^{0), we write ip = \ip\Ti where n is a unit-length spinor. Choose 
a local basis {ti,T2} for the Spin"^ bundle, so that Clifford multiplication in the local 
orthonormal coframe {e^,e^,e^} for T*Y is given by 
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where {e^,e^,e^} can be expressed as 

= — 2zcr(Ti,ri),e^ = 2icr(ri, iri), e'^ = -2ia{Ti,T2). 

Write A = uti + vt2 for a real-valued function u and a complex-valued function v, 
then 

q = a{ip,4>) = ^\ip\{ue^ - Im{v)e^ + Re{v)e^). 
On = a{il), ■) defines a bundle isomorphism between 

R.V' e (C.^)-^ ^ T*Y (g) iM. 
Thus, we obtain that A = (T^^{q)-, and 

VA=(V(c7^^))(g)+a;;;i(Vg). 
Let 6 = a -I- 2idr, then from (3) of the equations (7), we have 

h4 = -2^a\ 

as A can be written in terms of q and Vg, so is h. This completes the proof of Taubes' 
Lemma. □ 



3 Monopoles on a 3-manifold with a cylindrical end 

In this section we use techniques developed in [23] to study the moduli space of Seiberg- 
Witten monopoles on the knot complement V endowed with an infinite cylindrical end 

X [0,oo). Our main aim is to present the proof of Theorem l.L Before we give 
details, we present an overview of the section introducing notation. 

Consider the three- manifolds V and v{K), respectively the knot complement and 
the tubular neighbourhood of the knot K in the homology sphere Y . Both are 3- 
manifolds with boundary a torus T^. Equip V with a cylindrical end metric and a 
Spin"^-structure with trivial determinant along the half cylinder x [0, oo). On we 
use the standard flat metric induced from R^. 

The perturbed Seiberg-Witten equations on (F,s) are the equations 

*Fa = cr(V', -0) + 

for a pair {A,il)) consisting of a L\ig^ U{1) connection on det{W) and a L\ig^ spinor 
section if) oi W . the perturbation term is a co-closed and imaginary value 1-form 
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with compact support contained in a fixed open setU CV- (T^ X [0, oo)). We denote 
the corresponding class of perturbations by Z(U, iM) 

We define the energy of any Seiberg-Witten monopole {A, ip) to be 

I \FA\^dvolv < oo, (12) 
Jv 

Let Aiv denote the Seiberg-Witten moduh space of solutions of the equations (11) with 
finite energy condition modulo the gauge transformations Qv = Map {V,U{1)). 

2,loc 

The flat connections on the determinant bundle, modulo the even gauge group 
= Map{T'^, U{1)), form a torus 

which is a Z2 X Z2 cover of the standard torus Hom{TriiT^),U{l)) = R'^/Z'^. Let 
x{T^,V) be the moduli space of flat connections modulo the subgroup of the gauge 
transformations on which can be extended to V. Let tt denote the quotient map 
TT : x(r^, V) — x{T^)i which is a Z-covering map. 

Suppose we are given a smooth solution (A, 1/^) of the Seiberg-Witten equations, 
satisfying the finite energy condition (12). Then we will see that there is a choice of a 
connection A in the gauge class of A that approaches a flat connection on T^, while the 
spinor tp vanishes in the limit on the cylindrical end. That is, if s is the coordinate on 
[0, 00), we will show that lims_+(X)(A, ip) = (oc^, 0) in the appropriate topology, for each 
finite energy solution (^4, tp) to the Seiberg-Witten equations (11). Thus the asymptotic 
limit of the Scibcrg-Witten monopoles on the manifold V with a cylindrical end defines 
a boundary value map 

Mv^-^X{T^V)^X{T^)- (13) 

We will show that, in a suitable topology, this boundary value map is well-defined and 
continuous. Then, we will describe the structure of the moduli space My- 

3.1 Monopoles on x [0, 00) 

We begin with the investigation of the behaviour of the solutions of the Seiberg-Witten 
equations on the cylindrical end x [0, 00). Fix a flat background connection ^0 on 
the determinant bundle det{W) with asymptotic limit oq. 

Lemma 3.1. Choose the coordinate s £ [0,oo) on the cylindrical end x [0,cx)). 
Choose the Spin'^ structure over x [0, 00) to be the pull-back of the Spiif structure 
on with trivial determinant, induced by the complex structure. We can write {A, 
as 

A = Ao + a{s) + h{s)ds, 
ip = (a(s), /3(s)) G A°'° e A°'^ = r(l^). 
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where a{s) = a^'°(s) + a°'^(s) G A^{T'^,iR), h{s) G A°(T^«). Then the Seiberg-Witten 
equations (11) can he written in the form 



^A„+a=2(H'-|/?l>. 



ds 
i{ds + h) 

da{s) 



= ia(5 + dh, 



-i{ds + h) ) 
where uj is the area 2-form on with / uj = 1. 



a 
f3 



(14) 



Proof. Wc may choose a trivialization of the cotangent bundle to x [0, oo) so 
that, using a fuh-stop to denote Chfford multiphcation by a one form, we can make the 
identifications: 



ds. 



i 
-i 



dx. 



-1 




dy. 



i 

1 



(15) 



Letting the Hodge * on forms on x [0, oo) be denoted by *3, then under the preceding 
identifications we have 



*3(a(V', V)) = 2 - l/^l')'^ - + A ds 



hence we get 



Fa = FAo+a + {dT2h - dgo) A ds, 



ds 



= ia(5 + dh. 



The form a{s) G A^(T^, iM) is uniquely determined, as an iM- valued 1-form, by its (0, 1)- 
part a^'^ G A'^'^(r^). Similarly, the Dirac operator on x [0, oo) can be expressed 
as 



''a{s)+h{s)ds 



Thus gives the Dirac equation as in the Lemma. 



□ 
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Let (A, ip) be an irreducible solution of the Seiberg-Witten equations on the man- 
ifold V. Along the cylindrical end x [0, oo) we can use Lemma 3.1 to write the 
Seiberg-Witten equations in the form 

' 9^0°'^ = iap + Bh, 

< dsa = id*^^^P - ha, 

^ ds(3 = -ida{s)a - hp. 

with the constraint Fa = -(|a|^ — |/3p)a;. These equations are gauge-equivalent, through 
a gauge transformation in Qv, to the following equations: 

' d,a^'^ = lap, 

< o^a = id:^^^P, (16) 

on the configuration space ^17^2 of triples (a, a,/3), where a is a ?7(l)-connection on 
det(W) and (a, /?) is a section of Spin*^ bundle W over T^. The following Lemma shows 
that (16) can be interpreted as a gradient flow equation. 

Lemma 3.2. The equations (16) are the downward gradient flow equations of the 
Qj'2 = Map{T'^, U{1)) -invariant functional 

f{a,a,P) = - I {a,idl(5)u (17) 

on the space At'^, where the product (,) denotes the natural inner product using the 
Hodge star operator. 

Proof. Direct calculation shows that we have 

V /(a, a, fi) = {—iaP — iaP, —id* (3, idao). 

□ 

Critical points of the functional (17) with the condition Fa = — (|a|^ — |/3p)'^ are 
all the elements (aoo,0,0), with a^o a flat connection. This critical point set is denoted 
by x{T'^), the quotient space of the flat connection by the even gauge transformation. 
If {A{s),ip(s)) is a solution to the Seiberg-Witten equation on [0, 00) x in temporal 
gauge, then 

(.4(s),V(s)) = (Ao + ai'0 + aO'\(a,/3)) 

satisfies the gradient flow equation of / as given by (16). 

The next few lemmata describe some fundamental properties about the solution to 
the Seiberg-Witten equation on the cylinder over in temporal gauge. 
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Lemma 3.3. Let 7(5) = {A{s),tp{s)) be a solution to the Seiberg-Witten equation on 
[si,S2] X in temporal gauge, then 



r l|V/(7(s))lli2(T2)ds = / (IV^VP + \FA\')dvol. 



Proof. Since {A{s),ijj{s)) satisfies the Seiberg-Witten equation on [si,S2] x T'^'- 

i M = 0, 

\ *Fa = cr{ip, tp) 

The Weitzenbock formula for the Dirac operator on [si, 82] x with flat metric then 
gives 

= '^A^A^ - 1{*Fa).^ = 0. 

Take the inner product of both sides with ip, use the Seiberg-Witten equation, and note 
that ((- * Fa).iP,iP) = 2(*Fa,o-(V', V')) = 2|FaP. We obtain 

Integrating the above identity over [si, S2] x T^, we can write the result as 

f {\VA^\^ + \FA\^)dvol 



Here we write ipi^) = (o^l-^), as a spinor on and use the equation (16) for dgip- 
Note that 7(3) = {A{s), a{s),f3{s)) solves the gradient flow equation of /, hence 



S2 

2 



nl{s))\\i2^T2^ds 

= / (IVaVP + \FA?)dvol. 

^[S1,S2]XT2 

□ 
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Lemma 3.4. Let j{s) = {A{s),iIj{s)) be a solution to the Seiberg-Witten equation on 

N = [t — l,t + 1] X in temporal gauge for any t G [0, oo). // / \FA\'^dvol = E^, 

Jn 

then there exists a constant Co such that the following estimates hold 



[ \VAilj\'^dvol < CoV^; 

7[t-i,t+i]xr2 



^ \Nf{7{smhds<Co^/E^+EN. 

Moreover, if {A[s),ip{s)) is a solution to the Seiberg-Witten equation on [— l,oo) x 
in temporal gauge with finite energy, then the corresponding flowline on At^ of f has 
finite variation of f along [0, oo) x T^. 

Proof. From the L^-bound on \Fa\, we immediately obtain a L^-bound on from 
the Seiberg-Witten equation, 

Ii4(iv) = Jj^l'dvol = \jjFA\^dvol. 

By the Cauchy-Schwartz inequahty, we get 

Here we use that Vol(N) = 2. In the proof the previous lemma, we found that ijj 
satisfies 

Vd|Vp + |V^^|2 + |F^|2 = 0. 

Multiplying both sides of the above equation with a cut-off function p which equals 1 
on — + 5] X and vanishes near the boundary of A'", and then integrating by 
parts, we obtain 

l|VAV'lli2([,_i,,+ i],^.) <-\ f d*d\i;\'pdvol < CillV'lli,^^) < ^C,\\FA\\mN), 

where Ci is a constant depending only on the cut-off function p. Putting the above 

V2 

inequalities together we get the estimates as claimed with Cq = 

The finite variation of / along [0, 00) x for a solution on [— l,oo) x is the 
direct consequence of adding up over a sequence of middle tubes of length 2, namely, 
{[i -l,i + l]x T'^\i = 0, 1, 2, • • • }, hence 



/•oo 

l|V/(7(s))|li2(T2)d5 



fOO 

< 



/oo / poo 

\\FA\\\2^T^^ds + 2CoW j ||FA||i2(r2)ds < 00. 



□ 
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Lemma 3.5. Let {a{s),a{s), I3{s)) be a monopole on X [0, oo) with finite energy 



L 



\F\'^dvol < oo. 



r2x[o,co) 

Then there exists a sequence {sn} such that lims„^oo{o.{sn),Ci{sn)-, I3{sn)) exists and 
represents a point in x(r^). 

Proof. Write the curvature of a{s) on x [0, oo) as F^i^g-^ — ds{a{s)) A ds, where 
is the curvature on T^. Then we have the following calculation: 

/ \F\'^dvol 

= / {\F,^s)\' + \dsia{s))\')dvol, 

which implies that as s — > oo, 

\Fa(s)\^0, \dMs))\^0. 

By Uhlenbeck's weak compactness result and the compactness of x(T^), we know that 
a(s) weakly converges to a flat connection. 

By the monopole equation on x [0, oo), we also obtain 

\ais)f - |/3(s)|2 ^ 0, a{s)Pis) ^ 0. 

This implies that [a(s), a(s),/?(s)] converges weakly to a point in x(r^). □ 

To establish strong convergence to a point in x(^^) foi' finite energy monopole 
on [0, oo) X T^, we need to apply L. Simon's type result of "small energy implying small 
length" as in [23]. We will address this issue at the end of this subsection. 

Let Q^2 be the based gauge group on det{W), that is, those gauge transformations 
which equal the identity at a fixed based point. Denote by B^2 the quotient space of 
A'j'2 by the free action of ■ Note that the gradient flow of / preserves the constraint 
Fa = — 1/5^ I )i^) hence we can consider gradient flow lines of / restricted to 

Ct2 = {{a,a,P)\Fa = '-{\a\^ - \P^\)io]/g^2 

as a subset of B^2 ■ 

The space is a singular space, the singular set consisting of [a, a, f3] where a 
is a flat connection and (a, /3) is a spinor section satisfying the pointwise condition 
\a\ = We want to study the asymptotic behavior of the finite energy monopole on 

X [0, oo), that is, the asymptotic behavior of the gradient flow of / restricted to C^^. 
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If we consider a neighborhood of 0^2 in the whole configuration space 13j^2, this 
introduces new critical points which consist of the [Q,a,P], with © G x(^^) (a,/3) 
satisfying 

= deia) = d^{p) =0. 

Note that there is a unique point G x(r^) with ker{de + Bq) non-trivial, which 
satisfies 

Kerde = Kerd*Q ^ C. 

Since we are only interested in the behavior of the monopoles on x [0, co), among 
flowlines of / on B^2-, we only study those that flow to the critical manifold x(T^). The 
Hessian operator of / at the critical point [aoo,0,0] in is given by 

Q[aooAO](«l>«l> A) = (o^-^^aoo/^l'^^aooai)- (18) 

where (ai, ai, is a -tangent vector of at [oco, 0, 0], that is, (ai, ai, satisfies 
the condition d*ai = 0, and we view (0, — i9a^ai) as a L^-tangent vector of 
B^2 at [aoo,0, 0]. Then the following lemma is obtained by a direct calculation. 

Lemma 3.6. For Ooo ^ @ in x(T'^), / is non- degenerate at a^o in the sense of Morse- 

Bott, that is, the Hessian operator Q at [0,00,0,0] is non- degenerate in the normal 
direction to the critical manifold in the tangent space of B^2 o-t [ooo,0, 0]. At the point 
Q, the kernel of the Hessixm operator is given by 

H\T^, iR) © Kerde ® Kerd*Q ^ C^. 

Let Uq be a small open neighbourhood of in x(T'^). For any point 

Ooo G x{T'^)\Ue, the spectrum of Qaoo — Q[aoo,o,o] (as a first order elliptic operator 
(18)) is discrete, real and without accumulation points. Let /i^^ > be the smallest 
absolute value of the non-zero eigenvalues of the Hessian operator Qa^o ■ Now we can 
establish the decay estimate for the Seiberg-Witten monopoles along the cylindrical 
end of V. The first exponential decay estimate is for a solution to the Seiberg-Witten 
equation on [0, i?] xT"^ {R> 1) which is near a critical point in x(^^)- 

Lemma 3.7. Suppose that x{s) = [a(s),jp{s)] is a flow line of f, corresponding to an 
irreducible finite energy monopole on x [0, R] in temporal gauge. There is a repre- 
sentative {A{s),ijj{s)) which is gauge equivalent to (aoo,0) -|- {b,rj), where [aoo,0] 7^ G. 
There exist positive constants e, (5, Ci such that, if {b, rj) has L\ -norm less than e on 
any s -slice, then 

||(6(s),r?(s))||^2(:r2) < Ci{expi-Ss) -\- exp{-SiR- s))) 
on any constant s-slice (s G [0, 
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Proof. Write A = (6, 77) , then A satisfies the following equation: 

= QaocA + n(A), 

Here n(A) is second order in A with ||n(A)||^2(y2) < e|| A||j^2('2-2) and Qa^o — Q[aacfi,o]- 
Note that the flowline of / on x(^^) is static, hence we can establish the analogous 
result as Lemma 5.4.1 in [23] as follows. 

Let A± denote the projection of A onto the eigenspaces of Qa^ with positive and 
negative eigenvalues. Let ||A±|| be the functions on [0, i?] given by the L^(r^)-norm on 
the s-slice of [0,i?] x T^. Then we have 

5,||A+||-(/x„^-e)||A+||+e||A_|| >0; 



5,||A_|| + (/x„^-e)||A_||-e||A+|| <0. 

When e << Ha^-, from the above inequalities together with the comparison principle 
(Cf. Lemma 9.4 [32]), we obtain that the L^-norm of A on the s-slice is decaying 
exponentially with decay rate 5 < /Xa^/2. Then the claim of the lemma follows from 
the standard bootstrapping argument. □ 



Proposition 3.8. Suppose that 7(5) = [a{s),^{s)] is an irreducible flow line of f , cor- 
responding to an irreducible finite energy monopole on T^x [0, 00), with asymptotic limit 
[aoc,0,0] where [ooo] / 6 G x(^^)- Then, there exist gauge representatives {a{s),ijj(s)) 
for 7(5) and a^o for [aoo,0, 0] such that (a(s) — aQo,ip{s)) decays exponentially along 
with its first derivative as s 00 . 



Proof. Prom Lemma 3.4, we know that the variation of / is finite, that is, 

\\'^fhimhiT^)ds 

is finite. Then we have the following estimate, whose proof is analogous to the proof of 
Lemma 6.14 of [24]. We sketch the proof here. 

Claim: There exist constants £^0 and C such that for any R > 1, and for 
7(5) = {A{s),tp{s)) any solution to the Seiberg-Witten equation in temporal gauge 
on [0, + 1] X satisfies 

-R+l 

\Nf{7isml,^j.,^ds<Eo, 



then we have the estimate 



/H rn+i 
l|V/(7(^))lli2(r2)d^ <Cj^ ||V/(7(5))|li2(r.)ds. 
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Proof of the Claim Let 7(5) = {{A{s),ip{s)) be a solution to the Seiberg-Witten 
equation on N = [si, S2] x in temporal gauge, then from Lemma 3.3, we have 



\\^fh{smhiT^)ds = [ {\VA^f + \FA\')dvol. 



Af S2 
Si - V- / J[si,S2]xT2 

Denote by 

E = r\\^f{i{s)\\h^T^^ds 

J Si 

[ {\dsA\^ + \dsi;\^)dvol. 



Then we have the following estimates 

%{N} — 2\\Fa\\l^n) < 

We proceed as in Lemma 6.14 of [24] and differentiate the Seiberg-Witten equations 
to get 

ddgA = *a{dstp,'<P) 



^Adstp + (dsA) • V = 0. 
The gauge fixing condition implies that 

d*{dsA) +iIm{^s^p,'tp) =0. 

Introduce a cutoff function p identically equal to 1 on the middle third piece of N and 
vanishes near the boundary such that \dp\ is at most where M is a universal 

constant. Set {V,X) = {pdgA, pdstp). Then we can estimate the quantity 

SW{V, A) = {dV - *a{\, V'), ^a(A) + V-^,d*V + ilm{\, i/j)) 

by 

\\SWiV,X)\\l,^^^ < ^^^^ (ll^.^lli^(iv) + Wdsi^WhiN)) ■ 

Here C is a universal constant depending only on p. 
On the other hand, we can estimate 

\\sw{v,x)\\i^^^ > '^{\mi^N) + \\MmhiN) + \\d*v\\i.^r,)) 

-2(\\a{XM\l^N) + \\V-i^\\ L2(Ar)ll-^"^(-^''^)lli2(Ar)) • 



19 



Assume that I = S2 — si < 1, then the Sobolev multiphcation theorem and Sobolev 
embedding theorem imply that there are constants Co and Ci such that 

\H^,^)\\h(N) ^ C!o\\M\%(^n)MIhn) 

Similarly, by choosing Ci appropriately, we have 

\\V-Hh^r,)<CiVE\\V\\l,^^y, 

IIMA,V')lli2(iv)<Ci^l|A|li2(^). 
These inequalities imply that 

Standard estimate for the elliptic operator {d + d*, (^a) can be employed to show that 
there is a constant C2 such that 

ii^iii?(iv) + Wli^n) < C2 {\\dv\\i,^^^ + immi^N) + ii^*^iii^(iv)) 

+C2 (ll^lli2(7v) + II''^IIl2{7V)) • 

The Cauchy-Schwartz inequality and the Sobolev embedding theorem imply that there 
exists a constant C3 such that 

(ll^llL2(iV) + \\M\h{N)) ^ CsVsT^^ (ll^llL2(iV) + ll'^llz,f(iV)) • 

Put all these inequalities together, we have 



Then there is a constant Eq and a constant Iq satisfying 

1 — 8CiC2^/Eo — C2C3\/Tq > - 
such that if E < Eq and S2 — si = Iq, there is a constant C4 with the following estimate 

ll^llLf(Ar) + I|A|Il2(jv) < -jT {\\^sMl'2{N) + II^sV'IIl2(jv) j ■ 
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Since on the middle third piece N', V\ni = dsA\j^i and X\]\fi = dgiplN', this imphes that 
for any tube N = [si, S2] x of length Iq and any solution {A{s),'ip{s)) on N of energy 
at most £^0) we have 

ll^^^llifcAT') + Wdsi^WliiN') < ^ (ll^^^lli^w + ll^.^lli^w) ■ 

Then the estimate in the claim follows by adding up a sequence of middle third pieces 
of tubes (length Iq) with the constant C = SC4/IQ and Eq as above. 

With this claim and Lemma 3.7, we can prove Proposition 3.8 using the method 
of the proof of Proposition 6.16 [24] and the fact that / is a Morse-Bott function 
on B^2 and satisfies the Palais-Smale condition on paths coming from monopoles on 
[0,00) xT^. □ 

Since x(r^)\C/0 is compact, we can set S = ^mmj/Xa^laoo £ x(^^)\^e}- Then, 
when restricted to the cylindrical end, any Seiberg-Witten monopolc on V with finite 
energy and with asymptotic limit in x(T^)\f/e has an exponential decay at a rate at 
least 5. 

In order to prove that the boundary value map (13) is well-defined and continuous, 
we need to resort to the "finite energy implies finite length" principle of L. Simon([30] 
(see Corollary 4.2.5 in [23]). 

Remark 3.9. Given that f is a real analytic function, the work of L. Simon as ex- 
plained in [23] can he employed to prove a more general Lojasiewicz inequality for f at 
any critical point in x(T'^). Letj{s) be a flow line of f, corresponding to an irreducible 
finite energy solution of the Seiberg-Witten equations on x [0, 00). Then, there exist 

constants < 6 < 1 and < c < - such that, when s > R » 1, we have 

i^faooex(T2) Il7(s) - aoo||L2 < (l|V/(x(s))||^2)^ 

|/(7(^))r-^<l|V/(7(s))||L2. 

At the smooth critical points in x(T^), the Lojasiewicz inequalities have the best expo- 
nents 6=1 and c = ^. The direct consequence of these Lojasiewicz inequalities is the 
following finite length result for flow lines: 



W^WL^ds < ^1/(7(^1)) - filisM 



Now we have a setting analogous to the key results in [23] (pages 60-70) in our 
situation. The arguments in [23], adapt to the present context, hence imply that the 
boundary value map (13) is well-defined and continuous as a map 
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In the next subsection, we will study the local properties of the map doo around the 
singular point Q and the structure of My. We remind the reader that we have estab- 
lished the exponential decay property of the monopoles in Aiy with asymptotic limits 
away from 0. 

3.2 Local structure of moduli space of irreducible monopoles 

Let Ue be a small neighbourhood of @ in x(^^)- I^i this section, we will study the 
local structure of the moduli spaces My\{doo)~^ {Ue) and {doo)~^{Ue)- Here B^o is 
the composition of dco and tt in (13). 

For the structure of the moduli space Aiy\{doo)~^ {Uq) , the exponential decay 
property implies that we can introduce weighted Sobolev norms in order to study 
the Fredholm theory of the linearization of the equations. With 6 as in the previous 
subsection, we define the space 



(1) A is an extended L2 ^-connection on det{W) 



'2 



(2) ■0 is an ^-spinor on W 
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where extended L2 ^-connection means that there exists an imaginary- valued harmonic 

1-form in H'^{T'^, M) such that A- A 00 is an L| ^-connection on detiW), where s 
denotes the Sobolev norm with weight as in [17]. To be precise, we choose the weight 
function 65 (i) = 6"^^*)/^, where 5{t) is a smooth function with bounded derivatives, such 
that 5{t) = —5t for t < ~1 and S{t) = 6t for t > 1, and for some fixed positive number 
6 defined as 

5 = ^minina^laoo e x{T^)\Ue}- 

The L'^g norm is defined as ||/||2,fe,5 = ||e5/||2,A;. The weight es imposes an exponential 
decay as an asymptotic condition along the cylinder. We define the gauge group Gy^T^ 
to be the L| ^^^-gauge transformations such that there exists ^oo € U{1) with g^g — 1 
an L| ^-gauge transformation. 

Assume that x = {A, ijj) G Ayx'^ is an irreducible {ip 7^ 0) perturbed Seiberg-Witten 
monopole on V with finite energy, where the perturbation is in the form of Section 2 
with compact support. Then from the results of previous subsection, we can assume 
further that A^q represents a flat connection a^o in x(T'^)\C^G- Then the irreducible 
part of the fiber (^oo)~^(aoo) has a deformation complex 

0^A°2 (V,iM)^A^2 {V,i^)®Ll^{W)^Kl^ {V,iR) ® LI^{W) (21) 

3,5 2,5 ' 1,5 ' 

where G is the map which gives the infinitesimal gauge transformations: 
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and L is the linearization 

{*da — uitp, (j)) 

of the perturbed Scibcrg-Wittcn equations (11) on V . We can assemble the deformation 
complex (22) into the following operator: 

{GIL): {V,X) ® LlsiW) ^ Kl, {V,m) ® K\, (F, «) ^(t^) (23) 

2,5 1,5 1,5 

where (G|,L)(q;, ^) is given by 

{e^'^d*{esa) + ilm{tp,(l)),*da - a{tp,(l)),^A(f> + ^a.tp). 

With the choice of es as in the previous section, (G|, L) is a Predholm operator of index 
0. 

The deformation complex for the moduli space A^y\(9oo)^(^^0) is given by 

^ Tiagv,T^ ^ T,Av,T^ {V,iR)®Lls{W). (24) 

1,5 

These two complexes are related by the fact that (21) is a sub-complex of (24) with 
the quotient complex 

^ Lie{Stab{aoo)) ^ H^{T^,iR) 0. 
Therefore, the virtual dimension of M.v\{doo)~^ (Ue) at x = {A,ijj) is 
dim(5oo)"Haoo) + dimif^(T^iM) - dim Stab{aoo) = 1, 
where dim(5oo)~^(ac!o) is the virtual dimension of the fiber. 

Theorem 3.10. Fix an open set U inV — (T^ x [0, oo)). There exists a Baire set Vq 
of perturbations ji onV with compact supports in U, such that the perturbed Seiberg- 
Witten moduli space My\{doo)~^ (Uq) is a smooth, oriented manifold of dimension 1. 
Moreover, 

doo ■■ M*y\idoo)-\Ue) ^ xiT^) 
is an immersion and transversal to any given immersed curves in x(T'^) 

Proof. The transversality argument is the same as in the closed case, see the 
proof of Proposition 2.2, namely, we look at the deformation complex (24) for the 
parametrized moduli space Mv,z{u,iR) to g^t the transversality for the parametrized 
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moduli space M\/^z{u,iM.)- Wc then apply the infinite dimensional version of Morse- 
Smale theory to the projection Mv,Z{U,iR) ~^ ^(U, iM), we obtain that, for /i in a Baire 
space Vo C Z{U,iR), the moduli space My ^\{doo)~^ (Uq) is a smooth manifold of 
dimension given by virtual dimension calculated as above. 

We first show that for a generic perturbation /x (a co-closed imaginary valued 1- 
form with compact support in U), the map (G|,L) as given by (23) is surjective. At 
an irreducible monopole [A,ip] in {doo)~^{aoo) for 0,00 € x{T^)\Ue: we will show that 

L : KerG*s x Z{U,iR) ^ KerG} 

is surjective. Suppose that (ai,0i) is L|-orthogonal to the image of the above map, 
then (a, (/>) = e2s{t){cxi,4'i) is L^-orthogonal to the image of the above map, hence, 
(a, (j)) is in _^ and satisfies the equations (7) as in the proof of Proposition 2.2. 
Hence, there is a real valued function fonV (with infinite cylindrical end) such that 
(f) = iftp, a = —2idf and 



2d*df + IVI V = 

'^1 _g implies that on T 

inequality 



df G Ll_g implies that on x [0, 00), — is in L^^, then by Cauchy-Schwartz 



\fit) - /(0)p < [e'^'dsf^ le-'s^{s)\'ds 
this implies that for T >> 0, 



dViT) 



for some constants Co,C. [A,ip] G (i9oo)~^(floo)) whose asymptotic behaviour has been 
studied in the previous subsection, we see that there exist gauge representatives (A, ip) 
and ttoo of [A, ip] and [aoo], so that {A, ip) decays to {uoo, 0) exponentially at the rate at 
least ^ where /^a^ is the smallest absolute value of the non-zero eigenvalue of Qa^^ 

(Cf. (18)). On X [0,00), write a = tt* {a 00) + + a°dt with a' G n'{T^,iR), using 
the analysis in Appendix of [25] , we get 

ll«°llco(T2x[T,r+i]) < Cie 2 , 

from some constant Ci. As — 2z-— = a'^, we obtain 

at 



%\8ViT) 



-T 



<C2e 2 , (26) 
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for some constant C2. Prom two inequalities (25) and (26), and note that 6 < Ataoo/2, 
we have 

[ d*d{f)dvol 

< hmr^oo / 2\f\-\Mdvol 

JdV(T) 

< hmT^oo2(/ \f\^dvol)^[ l^l^dvol)'^ 

JdV(T) JdV{T) 

< hmr^oo 2CCie^(^- /2) = 0. 

Now multiply 2d*df + |V'P/ = Oby/ and integrate it by parts, we get / = 0, hence 

{ai,4)i) = 0. 

The proof of thatSoo is an immersion and transversal to any given immersed curves 
follows from the Sard-Smalc theorem. 

An orientation of A^y is obtained from a trivialization of the determinant line 
bundle of the assembled operator of the deformation complex (24). The trivialization 
of the determinant line bundle of the complex of (21) is obtained from the orientation 
of i?°(F) 0i7j(F), the cohomology groups of (5-decaying forms. In fact, we can deform 
the operator -^(^,1/") with a homotopy eV', e G [0, 1]. The asymptotic operator Q[aoofifi\ 
is preserved in the deformation. Thus, if the weight 5 is chosen in such a way that 
5/2 is not in the spectrum of Q[a.^s).{)]^ then ([17], [23] Lemma 8.3.1) we can ensure 
that the operator -ff(A,€i/)) Fredholm, for all e G [0,1]. Since the Dirac operator is 
complex linear and it preserves the orientation induced by the complex structure on 
the spinor bundle, a trivialization of the determinant line bundle at e = is obtained 
by the orientation of {V) {V) . This in turn determines a trivialization of the 
determinant line for e = 1, hence an orientation oi My D 

Similar results were obtained by [8] [15]. 

Now we need to understand the local structure of M.y around (i9oo)~^(0)- The 
center manifold technique developed in [23] is a useful model to study the structure of 

We briefly recall a few facts about center manifolds [23]. In general, suppose we are 
given a system of the form 

x = Qx + N{x), (27) 

with Q a linear operator acting on a Hilbert space X . Assume we also have the decom- 
position X = Xj^ © Afc © Xf^ determined by the positive, negative, and zero spectrum 
of the operator Q. Let X^ = X^ © X^ , and consider the projections tTc '■ X Xc and 
TTh X ^ Xh. We denote by and Qc the induced operators on X^ and Xc. By 
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construction Qc is trivial. The evolution semigroups e and e^^h , for s > i?o > 0, 
satisfy 



sup max{e *||e 
s>Ro 




(28) 



for some constant C > 0. This follows from the bound 



- inf{|A| I A G spec(Qe), A 7^ 0} = (5 > 0. 



The center manifold theorem (in [23]) states that there exists a map ip : Xc ^ Xh 
that vanishes to second order at the origin, and such that an element x{s) is a solution 
of (27) if and only if the projection 7rcx(s) is a solution of the equation 



The center manifold 7i is defined as H = {xc + ip{xc)\xc G A'd- 

We now describe explicitly the center manifold and the stable set for the unper- 
turbed equations (16). In this case, we are considering the operator Qq, the Hessian 
of the functional / at the degenerate critical point 0. The center manifold He for 
the functional / at the degenerate critical point is a C^-manifold which is invariant 
under the gradient flow of /, contains a small neighbourhood Uq of 6, and has tangent 
space at 6 given by 



Lemma 3.11. At every point x = {a,a,j3) G Hq, the gradient vector V f{a,a, P) is 
tangent to Hq, hence Hq is a center manifold of f around G. 

Proof. Using the natural complex structure on T^, we can identify Hq as the space 
of constant sections of 



For (a, a,/?) G Hq, we have V f{a,a, P) = {—iaP,—id*(3,idaa), which is a constant 
section. Take {zi, Z2,zs) as the coordinates on Hq = C^, we have 



Xc = TrcN{xc + v{Xc))- 



(29) 



Hq = H\T^, iR) © kerdQ © kerdQ ^ C^. 



Ai(r2,iM) © a0'0(t2,c) © A°'i(r2,c). 




□ 
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The downward gradient flow of / on Hq is given by 



' dzi 




ds 


= Z2Z3 




Z1Z3 


ds 


2 


dzs 




. ds 


2 



(30) 



Note that this gradient flow is invariant under the ?7(l)-action (the constant gauge 
transformation) : 

(2^1, ^^2, 2:3) ^ (zl,e'"z2,e'"z3)• 
Lemma 3.12. The quantities |z2p — {z^l"^, [zil"^ — |z2p — {z^l"^ and Im{ziZ2Zs) are 
preserved under the gradient flow on He . 

Proof. This is a direct calculation using the gradient flow equations (30). □ 
The stable set of (ooo, 0) G He is defined to be 
Sa^ = {x e He such that the flowline of (30) starting at x converges to (aoo,0)}. 
The stable set 5 of / in He is the union of these Sa^, for (ooo, 0) G He- 
Lemma 3.13. Let {a,(f)) = {zi,Z2,zs) G He- Then {a,(f)) E S if and only if we have 

/- U |2 1^ |2 _ A 

\Z2\ — \Z3\ — U, 

< |zi|2-|z2p-k3p = |aooP>0, (31) 
^ Im{ziZ2Z3) = 0. 

In particular, (a, (p) = {zi, Z2, Z3) G Se (the stable set of the point Q) if and only if 

/ U 12 I ^ 12 _ n 

\Z2\ — \Z3\ — U, 

< |zip-|z2p-k3p = 0, (32) 
, Im{z\Z2Z3) = 0. 

These equations describe a cone over a torus with vertex at 0. Furthermore, 
»S\{(0, 0)} is a 4- dimensional manifold with boundary (Se\{(©,0)}. 

Proof. It follows from Lemma 3.12 that (a, 0) G S converges to some (aoo,0) as 
t ^ CO. The equations (32) define a torus over B and, as |aooP — > 0, points defined by 
(31) approach points in Se- □ 
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As in [23] , the restriction of the gradient flow of / to the center manifold provides 
a model for the structure of the space of flows with asymptotic values in a small 
neighbourhood Uq of O, in the following sense. Given a point x in Hq, the stable set 
Sx at X is defined as 

•Sx = {y ^ such that the flowline starting at y converges to x}. 

The stable set S = Ux^Ue'^x defines a refinement of the boundary value map, as 
described in the following commutative diagram: 

y/ (33) 

S 

Here T is a map defined by taking a flow line on the stable set S that is exponentially 
close to a monopole in (^oo)~^(C^e)- The map F is the limit value map under the flow 
line of / on <S. 

The results of [23] show that if the projection 7rc5(s) of a flow line x[s) satisfies an 
estimate 

||5,7rex(s) - V/(7rcx(s))|| < Ce-*^ (34) 

for all s > Rq, then there exists a unique flow line Xc{s) in the center manifold Hq that 
is exponentially close to Trcx{s) for large s > Ro, with the same exponent 6 determined 
by the smallest absolute value of the non-zero eigenvalues of Qq. Moreover, for a flow 
line x{s) satisfying 

\\tTcX{s) - aoo||L2(y2x{s}) + ||7r/i5(s)||^2(y2x{5}) < C 

for all s > Rq, the projection 7r/ix(s) is exponentially small for large s, with exponent 
S. The condition (34) follows from our explicit construction of the center manifold. 
This shows that every flow line in {doo)~^ (Uq) is exponentially close to a flow line in 
the center manifold. Thus, the refinement T of the boundary map is well defined and 
continuous. 

The results of the previous discussion and the arguments in [23] (Page 82-100) imply 
the following structure theorem for our moduli space M.v near [Boo) ^i®)- 

Theorem 3.14. Fix a metric g and perturbation P E V as in Theorem 3.10. Let 
K. C Myp be defined as K = (5oo) ^(©), and let K' denote the subset T~^(0,O,O), 
with T defined as in (33). Then, generically, the following holds. 

(1) fC' is empty and K, consists of only finitely many points. 

(2) There is a neighbourhood Uq of Q in x(T^), such that the following holds. The 
moduli space Aiy n [Boo) ^{Ue) is a smooth manifold of dimension 1, with boundary 

JC={Boo)'\@). 
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Proof. By the center manifold theorem in [23], the restriction of any finite energy 
monopole 

to the tube x [Tq, oo) (for a fixed large Tq) is exponentially close to a flow line in 
the center manifold starting from the point T([A, 2p]) given by the refinement boundary 
map (33). The exponential weight is at least a half of the smallest absolute value of the 
non-zero eigenvalues of {Bq + Bq). Theorem 3.10 shows that, for a generic choice of the 
perturbation, the moduli space My{Uq) is a smooth manifold of dimension 1, away 
from T~''^(<S0). Prom the analysis of the center manifold theorem, since <S\{(0,O)} is 
a 4-manifold with boundary (Se\{(©,0)}, we know that generically fC' , if non-empty, 
is a smooth manifold of dimension given by the virtual dimension: dirriAiy — 4 = —3, 
so IC' must be empty and My(Uq) is a smooth oriented 1-dimensional manifold with 
boundary /C = (5oo) (©). □ 

One useful observation that we can derive directly from the analysis of the center 
manifold is the following estimate of the rate of decay of solutions approaching the 
singular point ©. 

Remark 3.15. Let x{s) = (a(s), a(s), /3(s)) be an irreducible finite energy solution of 
the Seiberg-Witten equations on V, with asymptotic value Q, that is, [x\ G d'^{Q). 
Then the rate of decay in the s —> co direction is polynomial with 

\\{a{s) - e,a(s),/3(s))||i2('r2x{4) ~ -. 



3.3 Proof of Theorem 1.2 

From the discussions in the previous subsection, in order to complete our analysis of 
the structure of the moduli space Aiv-, we only need to prove the following result. 

Lemma 3.16. ^Ay is compact except for finitely many open ends limiting to x(^); 
the reducible moduli space of V and, generically, Boo{-M-y) can be made transversal at 
any interior points to any given finite set of curves in xi'^'^i 

Proof. We first analyse the set of reducible solutions of the monopole equations on V. 
The reducible moduli space My"^ can be identified with the space x(^) of deformed fiat 
connections over V, modulo gauge transformations, which is diffeomorphic to a circle. 
The asymptotic value map d^o is simply the restriction map, which is an embedding 

Boo:M'y^'' = xiV)-^x{T^V). 
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Let x{V) ^ x(r^, V) be the circle of reducibles on V modulo gauge equivalence, 
embedded via the restriction map inside the cylinder x(^^7 Fix a smooth param- 
eterization a{t) of x(^)) consider the family of Dirac operators <^a(t) on V, twisted 
with the connection a{t). We can perturb x(^) such that x(^) x(^^j^) is away 
from a small neighbourhood of the singular point B, then we know that the Dirac 
operator da(t) + d*^t) '^^ -^^ trivial kernel. The 3-dimensional Dirac operator ^a{t) 
(a(t) G x(^) ) on V may acquire a non-trivial kernel, however, this only happens at 
finitely many points on x(^)) ^^r a generic perturbation in Vq (cf. [20] §7). We show 
that, if these occur, then the irreducible set My has an open end limiting to such 
points. If the irreducible set My has an open end limiting to the reducible set x(^)) 
then the 3-dimensional Dirac operator has a non-trivial kernel: this can be seen 
by studying the linearization of the spinor part of the Seiberg-Witten equations. On 
the other hand, suppose that there is a point a{to) on x(^)) where the operator ^a{to) 
acquires a non-trivial kernel. We can proceed as in Section 7.3 of [20] to analyse the 
local model of the moduli space My = My U x(^) in a neighbourhood of [a{to),0], 
which shows that there exists an open end limiting to a{to). 

Thus, the rest of the proof of compactness for My = M.y Li x{y) is now reduced 
to the (by now standard) proof of compactness for Seiberg-Witten moduli spaces [13] 
[16] [22]. Transversality at the interior of the doo{My) to any given finite set of curves 
in x{T^: y) can also be achieved by a generic choice of perturbation on V. 

□ 

Thus, we have completed the proof of the structure theorem for My (Theorem 1.2). 

4 Gluing of 3-dimensional monopoles 

Now we begin to discuss the gluing theory. Suppose that V{r) = V — (T^ x [r, oo)) 
lies in a closed 3-manifold Z such that splits Z into two components (for example, 
V{r)UT2i/{K)). We identify the solutions of the Seiberg-Witten equations on V differing 
only by those gauge transformations V which can be extended to Z, and denote the 
resulting moduli space by My ^- Then the boundary value map in Theorem 1.2 has a 
refinement: 

M*v,z-^X{T^Z) 

where the notation x(^^) ^) indicates the moduli space of flat connections on a trivial 
line bundle over modulo the gauge transformations on which can be extended 
to Z. This gives a refined boundary value map and the moduli spaces Myz ^njoy all 
the properties described in Theorem 1.2 for My. 

Assume that Z = V{r) yjj'2 i^{K) where i^{K) is a tubular neighbourhood of a knot 
K in Z. We denote by xi^^iK), Z) the moduli space of flat connections on ^{K) modulo 
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the gauge transformations on ^{K) which can be extended to Z. There is a natural 
map xi'^{K),Z) ■—>■ x{T'^,Z), which reahzes xi^i^)-,^) as a Une in the afiine space 



This is the main object in the gluing Theorem 1.3. We shall present the argument for 
the case of the homology sphere Y. The argument is analogous in the case of Yi and, 
up to minor modifications that we shall point out, in the case of Yq as well. 

Consider a tubular neighborhood i^iK) C Z endowed with a metric with sufficiently 
large positive curvature inside I'^K) and flat near the boundary. When stretching the 
neck in Z(r), using the standard pointwisc estimate on the spinor for Scibcrg-Witten 
monopoles we can ensure that, on i^iK) endowed with an infinite cylindrical end, the 
only finite energy solutions of the unperturbed Seiberg-Witten equations are reducibles 
(with vanishing spinor part). Modulo gauge transformations, these correspond to the 
moduli space of flat connections on ^{K). In Lemma 4.11, we will show that, if we 
choose such a metric for v{K) C 1^, it is still possible to have a metric with the same 
properties for y{K) C Yi and v{K) C Yq. 

Recall that we have a splitting of Y along the torus a.s Y = V \Jx'^ ^{K)-> with 
dV = du{K) = T^. Assume that the metric 5 on y is the product metric on a small 
neighbourhood of T^, and can be extended to a metric on iy{K) with positive scalar 
curvature. On both V and I'iK) we consider as underlying Spin structure the one 
induced from the restriction of the trivial Spin structure on Y. This induces a non- 
trivial Spin structure on T^. The corresponding Spin^' structures s', s" on V and v{K) 
have trivial determinant. In gluing the Spin'^ structures 5' and 5" on V and i^{K) we 
can only obtain the unique trivial Spin'^ structure on Y since y is a homology sphere. 
The same holds for Yi. In the case of Yq, the gluing of the trivial structures s' and 
5" on V and iy{K) by gauge transformations along the common boundary provides 
different Spin'^ structures on Yq, which are classified by 



H\T^,Z)/{Im{H\V, Z),H\T^,Z)) + Im{H^{u{K),Z),H\T^, Z))} ^ H^{Yo,Z). 



Thus, there are a Z-family of Spin'^ structures corresponding to H'^{Yq,'L) = Z. 

Let y(r) = V ([— r, r] x T^) ^{K). We can also consider the manifolds V 
and v{K) with infinite cylindrical ends as 



We continue to use the same notation V and i'{K) for the manifolds with infinite 
cylindrical ends, as we did in the previous sections. 




M*v,z Xx{T^,z) xHK),Z). 



(35) 



V ([0, 00) X T^), ((-00, 0] X T^) Ur2 v{K). 
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The proof of the gluing Theorem 1.3 consists of several steps. First, we show 
that, upon stretching the neck [— r, r] x to infinity, the Seiberg-Witten monopoles 
{Ar,tpr) on Y{r) approach a pair of finite energy solutions {A',^lJ'), and {A",0) on the 
two manifolds V and iy{K) with infinite cylindrical ends. Then we construct a gluing 
map, under the hypothesis that the gluing takes place away from 6 in the character 
variety ^.t the end of this section, we justify the assumption that gluing at Q 

can be avoided. 

4.1 Convergence of monopoles on a 3- manifold with a long neck 

We need to introduce some ad hoc assumptions on the class V of perturbations for 
the Seiberg-Witten monopoles on Y{r), so that it behaves nicely under the splitting 
r — > GO. We consider perturbations of the monopole equations as in (4), induced by 
the perturbations of the Chern-Simons-Dirac functional. Notice that, if we choose a 
perturbation with compact support on the manifold V with infinite cylindrical end, 
this perturbation induces a perturbation on Y{r), for sufficiently large r >> ro, which 
is supported inside the knot complement in Y{r) (which we still denote by V). 

The convergence result we prove in this section depends on a uniform pointwise 
bound on the solutions (Arjipr) in -A^y(r) which is independent of r. The argument for 
the manifold Yi{r) is the same. The case of the manifold YQ{r) is also analogous, when- 
ever Yq is endowed with a Spin'^ structure that restricts to the trivial Spin*^ structures 
on V and v{K). 

In order to derive the estimates we need, we consider first, for Y a 3-manifold 
(either without boundary, or with boundary T^) a functional on the configuration 
space of C/(l)-connections and spinors of the form 



Here we consider compactly supported perturbations /x of the form described in Section 
2. 

Lemma 4.1. If (Ajip) is a solution of the perturbed SW equations 



Jy 

If we consider an open suhmanifold Z <Z Y with boundary dZ = T^, such that the 
perturbation fx is supported away from dZ, then for the functional Sz,n we have 




(*FA-a(V',V')-/i,M) = (0,0) 



on a compact 3-manifold Y without boundary, then we obtain 




(37) 




(38) 
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where we write the connection and spinor as (a, a, (3) on = dZ. In particular for a 
cylinder region Z = T'^ x [sq,si], and perturbation term ji supported away from Z, we 
have 

f{a{si), a{si), - /(a(so), a(so), /?(so)) = (39) 

where we write (Ajip) in the form {a{s),a{s), (3{s)) on the cylinder Z. 

Proof. First notice that we have 

^ I^aV-I' dv = \Va^\^ + ll^Pf - 1{*Fa • V, V'>. 
Here the term ^{*Fa ■ ip, ip) can be written as —Fa A a{'^, ip). We also have 

* Fa — (^{^, V') ~ A^l^ dv = 



+ \aiiP, V') + ^i\'^dv + 2 J^FaA tp) + m)- 
Thus, we can rewrite the functional (36) in the form 

£^,{A,i)) = j^\^Ai^? + \\* Fa - a{il;,^) - dv + I^Fa A IJL. 

The identity (37) for a compact manifold then follows. In the case of (38) for Z with 
dZ = T^, see the proof of Lemma 3.3, the boundary term is the difference of 

j^{\<^A'^\^-{rAM,^)) dv 

and 

y^(|VAV'|'-(VlVAV',V')) dv. 

The last case (39) for a cylinder follows, since by the assumption on the perturbation 
term J Fa /\ fJ- is trivial, and the boundary terms give the variation of the functional / 
along the cylinder. □ 

Notice that the above result allows us to obtain estimates for the norms of tp, 
VaiP, and Fa. 

Lemma 4.2. Suppose we are given solutions (A^, V'r) of the perturbed Seiberg-Witten 

equations (4) on the compact 3-manifold Y{r), with a perturbation fi supported in the 
knot complement V C Y(r) for all r > rg. Then we have pointwise bounds 

\My)\<<y), \FAAy)\<c{K{Y)f, 

for y G Y{r), where C, k(Y) are constants independent on r. 
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Proof. Consider K{Y{r)) = maXy^Y(r){~f^{y) + C,0}, where K{y) is the scalar curva- 
ture and C is a constant depending only on the perturbation fi. Notice that, by our 
assumptions on the choice of the perturbation, we can assume that C is independent 
of r. The minimum of the scalar curvature also remains constant upon stretching the 
cylinder x [— r, r], so that we have K{Y{r)) = k{Y) for all r > 0. 

The Weitzenbock formula provides a uniform bound on the spinors in terms of the 
scalar curvature, namely at a point y where achieves a maximum we have either 

V'r(y) = or \ipr{y)\'^ < —i^{y) + C. The pointwise bound for the curvature form Fa^ 
follows from the bound on \tpr\ and from the equations. □ 

Using these pointwise estimates and the results of Lemma 4.1, we obtain and Lf 
estimates. 

Lemma 4.3. Suppose we are given solutions {Ar,ipr) of the perturbed Seiberg-Witten 
equations (4) on the compact 3-manifold Y{r), with a perturbation ^ supported in the 
knot complement V C Y{r), for r > tq. 

(i) Consider an open submanifold Z C Y{r), with dZ = T"^ a slice in the product 
region ofY{r). Then the values f{ar,ar,(3r) on dZ are uniformly bounded in r > ro- 
Here the {ar,ar,l3r) O'fe restrictions to dZ of the solutions [Ar^il^r)- 

(a) The total variation of the functional f along a cylinder Zr =T'^ x [— r, r] C Y(r) 
is uniformly bounded in r > ro. 



Proof. Applying (37) of the previous Lemma together with the assumptions on the 
perturbation, we obtain 



JY{ro) 



with K(y(ro)) = max( — + C, 0), for y £ Y{rQ). We are using the fact that the 
scalar curvature satisfies k = on the cylinders x [—{r — ro),r — tq], and the lower 
and upper bounds by constants c, C" > independent of r > ro follow by the pointwise 
bound on ipr and Fa,- The constant C depends on the perturbation /x. 

Now consider the case of a compact set Z = V Ut^ [0,ro] x T^ in Y{r). Applying 
(38) of the previous Lemma we estimate 



^ <Y{ro)) 
- 4 

with the boundary term 



\\A\\h{Z) ^ £zA^r,''Pr) = f\dZ + J^Fa, A H, 



f\dz = f{ar,ar,/3r) = - / {ar , id* (3r) dvx^ . 

JdZ 
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By the assumptions on the metric and on the perturbation we know that on 
= Y{r)\Z we have £z<^4i > 0, and /v, = 0, hence £zc,fx = f\dz<^ = -f\dz > 0. 
Moreover, for Z of the form as above, we have 

-C < [ Fa^A^ = [ FA^Afi<C'. 
Jz JY{ro) 

Thus we have an estimate 

c-C < f{ar,ar,l3r) < 0. 

In the case of the cyhnder region Zr, by considering the two components in the com- 
plement Z^ and arguing as above, we obtain uniform bounds on f{ar{r),ar{r),Pr{f)) 
and f{ar{—r),ar{—r),/3r{—r)). The variation 

f{ar{r),ar{r),l3r{r)) - f{ar{-r),ar{-r), /3r{-r)) = £zr,p{^r,A) 
is therefore uniformly bounded in r > tq. □ 

Lemma 4.4. Suppose we are given solutions {Ar,ipr) of the perturbed Seiberg-Witten 

equations (4) on the compact 3-manifold Y{r), with a perturbation supported in the 
knot complement in Y{r), for r > tq. Suppose given a compact set Z of the form 
V(Jrp2 [0, ro] X or i^{K) Uy2 [— ro, 0] x in Y{r) with r > tq. Then we have uniform 
bounds 

where C(k, /n) is a positive constant, depending on the scalar curvature and on the 
perturbation, independent of r > ro. 

Proof. In order to derive the estimate for the L^-norm of VaV') we use the result of 
Lemma 4.3. We have 

c < \\VArA\\h{z) + llAfdv < C 

and 

c<\\\FaAI.^z) + I Im^'dvKC'. 
J z 

Since the second term is uniformly bounded in r > tq, we obtain the result. □ 
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Notice that the uniform bound on the curvature justifies our choice of the finite 
energy condition (12) for monopoles on the manifold V with infinite cylindrical end. 

Now we can establish the convergence result for the Seiberg-Witten monopoles on 
y(r) as r ^ oo. 

Proposition 4.5. Assume that the metric on Y{r) and the perturbation are chosen as 
specified in the beginning of this section. Suppose the moduli spaces My^^^^i^r) are non- 
empty for r » 0, and let {Ar,^pr) be a solutions representing elements in A^y^^-j(Sr.). 

(a) For any fixed compact set Z = VUj'2 (T^ x (0, tq]) C Y{r), there exist gauge trans- 
formations Xr on Y{r), such that a subsequence of Xr{Ar,Jpr) converges smoothly 
on Z to either a solution {A', with [A', in Mv{s'), or to a solution (a^, 0), 
with [a'^,0] in Mlfj^^is") = x{i^{K),Y). 

(b) The solutions Xr{Ar,ipr) restricted to the cylinder [— r, r] x converge smoothly 
on compact sets to a constant flat connection a^o on . 

(c) Let (9oo[^')V''] = "^'oo be the asymptotic limit, that is, an element o/x(T^,y). 
Then there exist two gauge transformations X' and X" on that extend to V and 
I'iK) respectively, such that we have X"a'^ = X'a'^ in x(r^,y). 

(d) In the case ofYg, we obtain similarly X"a'^ = X'a'^ in xiT'^i ^o)- The gauge trans- 
formation (A')~^A" overT"^ determines a cohomology class in H'^{Yq,'L) which is 
the element uniquely associated to the Spin'^ structure s onY^. 

Proof. 

(a) Suppose we are given a fixed compact set Z = V (T^ x (0, ro]) in Y{r). 
We show that a sequence of elements [^^^V'r] of M.{Y{r),Sr) has a subsequence that 
converges smoothly on Z to a solution of the equations. The same result holds for 
compact sets Z of the form x [— ro,ro] i^{K). These results were essentially 
established in [13]. 

The estimates of Lemma 4.3 and Lemma 4.4 show that there is a uniform bound 
for the norms 

This implies an L\ bound on the connections 

Pr - ^o||l2(Z) < C ■ C{k,h), 

with the constant C depending on the fixed compact set Z, and independent of r > tq. 
The bound 

l|Vyi,Vr||L2(Z) < C{k,Ii) 
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of Lemma 4.4, together with the L? bound on the spinors, imphes a bound on the 
Lf-norms of the spinors by the ehiptic estimate. 

Notice that here Z is a compact set of the following form 



VUt2 [0,ro] xT2; 



or u{K)UT2[-ro,0] xT'^, 



thus we have elliptic estimates in the form 



UrhliZ) < C{\\VAr AW Ll_^(Z') + Ur\\Ll_^{Z))^ 



where Z' is a smaller set Z' = V [0,r^] x T^, for some Tq < ro, cf. [20] §4.1. Since 
we are only taking estimates on a fixed compact set Z of the form specified above, the 
constant C in the elliptic estimate depends on Z but does not depend on the parameter 
r of the underlying manifold Y(r). For the elliptic estimate for the connections, we 
choose any smooth connection Aq on det{5) over Z and gauge transformations in the 
identity connected component of the gauge group QY{r)i such that the forms XpAr — Aq 
are co-closed and annihilate the normal vector at the boundary T^. We use an elliptic 
estimate of the form considered above for the operator d + d*. Thus, we can bound 
the L^-norms of the connections on Z, and use a bootstrapping argument to bound the 
higher Sobolev norms as in [13] [20] [22]. 

Upon passing to a subsequence, we have obtained elements (^j-ij^rj that converge 
smoothly on Z to a solution of the equations. This defines a solution {A' , ip') on V 
with the cylindrical end x [0, oo). The case of i'{K) is analogous. With our choice 
of metric on ^{K), a finite energy solution on i'{K) will necessarily be reducible. 

To complete the proof of (a) we need to show that the resulting solution on V with 
infinite end satisfies the finite energy condition (12). This follows from the curvature 
estimate in Lemma 4.4 

(b) To prove the second claim, consider the elements x,. = [A^^ifj^) restricted to the 
cylinder [— r, r] x T^. Up to a gauge transformation, they can be written in the form 



By the result of Lemma 4.3, there is a uniform bound, independent of r for the variation 
of the functional / along the cylinder. 



Xr{s) = {ar{s),ar{s),l3r{s)). 



The functional / is monotone along the cylinder, with variation 



f{ar{r),ar{r),l3r{r)) - f{ar{-r),ar{-r), Pr{-r)) = 




f{ar{r),ar{r),l3r{r)) - f {ar{-r) , ar{-r) , I5r{-r)) < C. 
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This uniform bound for 

with Zr = T'^ X [— r, r], gives bounds on compact sets Z C Zr for the L^-norms 
llV^^V'rll, llV'rIli ll-^Arll) well as for the norm of the spinor. This is enough to start 
the bootstrapping argument, with elliptic estimates as before, hence wc obtain smooth 
convergence on compact sets in Zr to a solution of the unperturbed SW equations on 

X M. Such solution must be a fiat connection and the trivial spinor. This implies 
£zr,ij-{\:i^r) 0, hence, using again Lemma 4.1 together with the estimate (19), we 
obtain that the limit is actually a critical point Ooo of /. 

Thus, up to gauge transformations, the sequence of solutions {Ar,tpr) has a subse- 
quence {Ar^,4'rJ that converges smoothly on compact sets to a pair {{A',ip'), (a^,0)). 
In the asymptotic limit we get 

hm X'{A',^')=X'a'^ = X"a':^. 

s— »oo 

In the case of the manifold Yq, 

in x(r^,lo) imply that Xr = [Ar,ijjr] € •^Yo{r)(^k) where Sk corresponds to the coho- 
mology class 

[(A')"^A"] eH\T\Z)/H 

for 

H = Im{H\V, Z), H\t'^, Z)) + Im{H\u{K),Z), H^T"^ , Z)). 

□ 

This completes the proof of the convergence part of the gluing theorem 1.3 for 
generators. Namely, we have shown that a gauge class in the moduli space AiY{r)i^)j 
for a sufficiently large r, and perturbation as prescribed, determines an element in 

4.2 Proof of Theorem 1.3 

In this subsection we will construct an approximate monopole on Y(r) from any element 
in Aiyy ^x(.T^,y) x{^{K),Y), and study the gluing that will produce the corresponding 
monopole on Y{r) for a sufficiently large r. 

First, we define a pre-gluing operation, where we splice together solutions in Aiy 
and xi^i^)) with matching asymptotic values, via a smooth cutoff function. This 
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produces an approximate solution {A' , tp')^.,.{a'^,, 0) of the monopole equations on Y{r) 
for {{A',ip'), representing an element in Myy '^xiT^X) x{^{K),Y). 

We can assume that {A' , ^')lT2x[o,oo)cy temporal gauge with asymptotic limit 
(ooojO), and there is a gauge transformation A" on i^{K) such that A"(a^) 
flat connection on T^. Let {A', if)') = Qoo + Wis), V''(s)) on x [0, oo). We can choose 
smooth cutoff functions Pr{s) {s G [—2,2]) with values in [0, 1], satisfying Pr{s) = 1 for 
s G [-2, -1] and pr{s) = for s G [1, 2] with < p'{s) < 1. 

Define the pre-gluing map with values in B{Y{r)) by setting 

Xr = {A, ip) 

= (^',V')#°(«'4,0) 

' (A', -00 ony(r-2) (^^^ 

a^ + Pr{s)\"{a'is + r),iP'{s + r)) sG [-2,2] 

^ A"(a'4,0) onu{K){-r + 2) 

Definition 4.6. An approximate solution is by definition an element in the image 
of the pre-gluing map (40)- We use the notation 

Mv,Yiaoc) ■■= d^\aoo) C My^y 

Then U{aoo,r) is defined to be the image of the pregluing map (40) 
■■ M*y^YM X [a'4,0] ^ B{Y{r)). 

In order to show that the approximate solutions in U{aoo,r) can be deformed to 
actual solutions of the monopole equations on Y{r), we consider the span of eigenvectors 
corresponding to the small eigenvalues of the linearization operator at the approximate 
solutions. 

Consider the linearization operator of the Seiberg-Witten equations on Y{r) at the 
approximate solution {A' ,ip')#^{a'^,0) 

TT, ^ ^, ,^_ / V^V'0#?{<,o)(a,<A) + 

We also need the linearization operators of the Seiberg-Witten equations on V and 
viK) with infinite cylindrical ends, as defined in the deformation complex (21), acting 
on forms and spinors: 



H(A',^'){f,Oi,(j)) 



(«></') +G{a'^,Q){f) 
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where the operator L is defined as in (22). We think of H(^j^/ .^i^^o(^g_i^^Q^ as acting on 
the elements (a, (j)) in the tangent space of the configuration space over the closed 
manifold Y{r). We continue to denote by -ff(^/ ,^/) and //(q/^^q) the operators defined 
in the deformation complex (24) acting on the extended spaces of connections and 
spinors, over V and iy{K) respectively. 

Now we discuss the eigenfunctions corresponding to slowly decaying eigenvalues of 
these operators. The model for our analysis of the operator -ff(A',i/)')#o(a'^,o) based on 
the work of Capell, Lee, and Miller [3], [4]. With operators differing from a translation 
invariant operator by exponentially decaying terms, we shall adopt the more general 
setting as in the work of Nicolaescu, [28]. 

We use the following result, which is the analogy in our context of Theorem A of 

[3]. 

Proposition 4.7. Assume that Ooo is a point in x{T'^) away from a small neighbour- 
hood Uq of Q. Let 

N{r) = dimKer^2(i?(^/^^,)) + dimii:eri2(iI(„»^_o)) + dimii:er(Qa^). 

Then, there exists an N{r)- dimensional family of eigenvectors of the operator 
,^/)^o(^//^^//) with eigenvalues satisfying A(r) as r ^ oo at the rate at most 1/r. 
The d,im,ension N{r,r~^^^'^^) of the span of eigenvectors of the operator H(^ji/ ,fjji^^o^a'^ Q^ 
with eigenvalues A < r"'-^"'"^-* is given by 

N{r, r-(^+^)) = dimKerL2{H^A',^p')) + dimKer^2(/f(„„ ,o)) + dim^i n £2, 

where £1 and £2 are the two Lagrangian submanifolds in Ker{Qa^) = i/^(T^,M), de- 
termined by the extended solutions of H(^ji/^^i-^{a,(l)) = and H(^a'^,o)(.Oi:'P) = 0- 

Proof. In order to prove the first claim it is sufficient to check that elements of 
H^(T'^,'K) = Ker{Qa^) give rise to approximate eigenfunctions on Y{r) with slowly 
decaying eigenvalues, that is, with eigenvalues A(r) satisfying A(r) ^ at most like 
1/r. The first statement is then an analogue, in our case, of Proposition 6.B of [3]. 

Suppose we are given an element ^ G Ker{Qa^)- If x(s) is a cutoff function 
supported in [r/2 — e, 3r/2 + e] satisfying x{s) = 1 on [r/2, r], we have an estimate 

Uds + QaJx^LHYir)) ^ C 

This implies a similar estimate for the operator i/^^/ ,^;-)^o(^// g-j on Y{r), for r > rg 
large enough, since we are assuming that this operator differs from ds + Qaoo by terms 
that are exponentially small in r. This is the setting used in [28]. 
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The second part of the statement can be derived from the asymptotically exact 
sequence 

^ /C(r-(i+^)) ^ KerpiH^A',^')) ® Ker'j^,\H^,,^^o)) ^ 4 ^2 ^ 0, 

as in the Main Theorem of [28]. Here /C(r~(^"'''^^) denotes the span of the eigenvectors 
of -ff(^',^')#o(^//^^'/) with small eigenvalues that decay at a rate of at least r~^^~^^\ We 
use the notation Ker^f^2 for the extended L^-solutions, and for the asymptotic values 
of the extended L^-solutions. □ 

Proposition 4.7 yields the following. 

Corollary 4.8. There are no fast decaying eigenvalues, that is, in our problem 
N{r,r^^^^^^) = 0. However, there is a non-trivial family of eigenvectors of the lin- 
earization ^(yi'.i/)')#o(a'^,o) approximate solution (A' ,ip')if^^{a'^,0), with slowly 
decaying eigenvalues, satisfying A(r) at most like 1/r. 



Proof. We have 

dim KerL2{H^A',^p')) = dimii:eri2(ii"(„/^_o)) = 0. 

Moreover, for a generic choice of the perturbation of the monopole equations on 

V, the Lagrangian subspaces £1 and £2 intersect transversely. Thus, we have 
N{r) = dim Ker{Qa^) and iV(r, r-(i+')) = 0. The previous Proposition shows that the 
span of eigenvectors with slowly decaying eigenvalues is non-trivial. In fact, it shows 
the existence of (at least) a two dimensional family parameterized by the elements of 
H^{T\R) = KeriQaJ. 

□ 

Suppose we are given an element (a, (j)) on Y{r) such that Xr + (a, </>) is a solution 
of the monopole equations on Y{r). Then (a, 0) satisfies 

where S is the error term defined by 



*Fa - cr{ip,il}) - IX 



as by equation (4), and N is the non-linear term 

NA,rl,{a,4>) = 



a{4>, (p) 
a.(b 
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Though we do not treat the more general case in this paper, we mention that one 
can consider the same argument with an additional perturbation term P{A, ip). In this 
case, an additional term P{A,^) enters the expression for the error term and 
an additional non-linear part J\fPA,-ip of the perturbation 

NPa,-^ = P{{A, ^) + (a, (t))) - VPA,^{a, ^) 

is added to the expression of AT^,^. This case will be discussed elsewhere. 

Choose A = A(r) > such that A(r) is not an eigenvalue of H^^ = -ff(A','!/)')#o(aj^,o)) 
for all approximate solutions Xr = (A', (^oo) 0) ™ U{a(x,,r). Consider the projec- 

tion maps n(A(r), Xr) onto the span of the eigenvectors of H^^ with eigenvalues smaller 
than A(r). 

The condition that, for a given approximate solution Xj-, the element Xj- + (a, 4>) is 
an actual solution of monopole equations can be written as a system of two equations: 

Il{\{r),Xr){N{a,<t>) + T.{xr)) = Q (41) 

H^Xa, 0) + (1 - n(A(r), x,))(Af(a, </>) + S(x,)) = 0. (42) 

If the equation (42) admits a unique solution {a,(j)), then the condition that 
Xr + {a,(p) is a solution of the monopole equations on Y{r) can be rephrased as the 
condition that (41) is satisfied, with (a, (/>) the unique solution of (42). 

The second equation (42) can be written as the fixed point problem 

(a, 0) = -H-\l - n(A(r), Xr)){N{a, 0) + E(x,)). (43) 
The following result proves existence and uniqueness of the solution to (43) . 

Lemma 4.9. There exists a positive constant C > 0, such that, if a given approxi- 
mate solution Xr satisfies \\T,{xr)\\L^(Y{r}) ^ Ce{r)'^, for some small and positive e(r) 
satisfying e(r) < then the map 

%ia,<j>) := -H-\l-n{X{r),Xr)){N{a,^) + ^ixr)) 

maps the ball -Bf(r) = {{a,(f))\ \\{a,(f))\\^^2^Y(r)) — ^('')} itself and is a contraction on 

Proof. Let C > be a constant such that the quadratic term satisfies the estimate 
\\N{a,ct>) - N{aML^ < C(ll(«, </')IIl? + ||(a, 0)|L2)||(a, </.) - (5,^)11^2, 

independent of r > tq. This follows from the Sobolev multiplication theorem in dimen- 
sion 3. 
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On the image of (1 — n(A(r), Xr)), the operator H^^ is bounded with norm bounded 
by A(r)~^. We have an estimate for (a, 0) G ^^(r) 

\\%{0,i(t>)\\Ll(Y(r)) 

■^\\N{a,(t)) + T.{Xr)\\L'i(y{r)) 
Ce{rf . \\^(-^r)\\i^2(Y(r)) 

3(fr+ W) 

which imphes that 7^ maps the ball -Bg^^) to itself. 
Let (ai,^i), (02,^2) e -Be(r), we have 

||r^(ai,(^i) - 7;.(a2,(/>2)|lL2(y(r)) 

< ^||Ar(ai,0i)-iV(a2,02)||L2 

< A^IKai,^!) + (02, 02)11^2 II (ai,0i) - (a2,^2)||L2 

< Hgfc)||(a,,0,)_(a2,02)|L2. 

Thus, from e(r) < as chosen, we obtain that 7^ is a contraction on B^^j.y □ 

Proposition 4.10. For sufficiently large r > ro, and for all approximate solutions Xr 
in U{aoo,r), there exists a unique solution {a,(f)) of (42), such that equation (41) is 
trivially satisfied. 

Proof. For all approximate solutions Xr in U(a^, r), we have an estimate on the error 
term 

mxr)\\mnr))<c'e''', 

for r > ro, which follows from the exponential decay estimate proved in Proposition 
3.8. Thus, we can apply Lemma 4.9, with A(r) = 0(r~(^+^)) and e(r) = 0{e~^^/'^). 
By Corollary 4.8 we know that, for A(r) = 0{r~^^'^^''), the projection Il{X{r),Xr) = 0, 
hence the solution (a, <p) of (42), provided by Lemma 4.9 also satisfies trivially equation 
(41). 

□ 

Thus, the resulting element Xr + (a, 0) is a true monopole solution on Y[r), close 
to the approximate solution Xr- This completes the proof of the gluing theorem 1.3. 



< 
< 
< 
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4.3 Metric 



Concerning the metric after surgery, on ^{K) inside Yi we consider the metric gi as in 
the following Lemma 4.11, which is due to Liviu Nicolaescu [29]. 

Let g = dv? + diP' with fj,2 du f\dv = 47r^, where the torus is the boundary of 
the tubular neighbourhood of the knot v{K) in Y . We introduce a choice of a metric 
on i'{K) inside Yi, for which we can still derive the result that the moduli space of 
monopoles on h'{K) inside Yi consists of the circle of reducibles. 

Lemma 4.11. (Nicolaescu) Let A he an element in SL{2,Z). Suppose we are given 
e > sufficiently small. Consider the flat metric on given by go = A*g. There exists 
a constant c and a smooth path g{s) (s G of flat metrics on with the following 
properties: 

(i) g{s) = jjgo, for all s < e and g{s) = gi for all s > 1 - e; 

(ii) 9i = 5(1) is a metric of the form gi = kidv? + k2dv'^ with positive constants ki; 
(Hi) The scalar curvature of the metric g := g{s) + ds^ on x M is non-negative; 
(iv) The metric gi can be extended to a metric inside the solid torus ^{K) with 

positive scalar curvature. 

Proof of Nicolaescu's Lemma : Choose a unit vector du with respect to the metric ^^Oj 
and complete it to an oriented orthonormal frame. Let {<^i,<^2} C O-'^(r^) be the dual 
coframe. This is related to {du, dv} by 

ifi = du + aodv Lp2 = k dv, 

for some positive constant k > 0. 

The path g[s) is defined by requiring that the coframe 

cpi{s) = du + a{s)dv (p2{s) = kdv 

be orthonormal with respect to g{s), where a(s) is a smooth function satisfying a(s) = 
for all s > 1 — e and a{s) = ao for all s < e. The only conditions that need to be verified 
are (iii) and (iv). 

We have an orthonormal coframe {ipQ,(pi,ip2} on X = x M, with respect to 
the metric g, with (po = ds, and a corresponding orthonormal frame {60,61,62}. The 
Levi-Civita connection is of the form 

/ X y\ 
r= -X z x,y,z en^{x). 
\-y -z / 

The Cartan structural equation gives d(p = T /\ 0, with = {(po,(pi,(f2)- By the 
expression of (pi , we have 

a 

dipo = dip2 = 0, dtpi = -(fo A (p2, 
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hence we obtain 



a; A (^1 + y A <^2 = 0, 



Xf\ipQ + Zf\'f2 



-y Aipo - z Aifi = 0. 



These equations imply 




^ ip2 

-ip2 ipo 

\ -^1 -^0 



Thus, we can compute the scalar curvature of ^ = g{s) + ds on X M which is 3(d/fc) 
by direct calculation. 

Claim (iv) then follows by noticing that any diagonal metric of the form 



realizes the torus metrically as the product of two circles of different radii. Each can 
bound a hemisphere, endowed with a positive scalar curvature metric, thus extending 
gi to a metric on a solid torus, with positive scalar curvature. 



4.4 Lines in 

In this subsection wc justify why it is sufficient to consider the gluing map in Theorem 



Lemma 4.12. The intersection points d^oMv H x{^{^))j "f^^th x{i^{K)) C the 
circle of reducibles for v{K) in either Y , Yi, or Yq, are contained in x{T'^)\Uq, for 
some neighborhood Uq of the singular point 6. Thus, the gluing of Theorem 1.3 happens 
away from the reducible point. 

Proof. The torus inside Y inherits from the trivial Spin structure of Y the non- 
trivial Spin structure in which both circles (longitude and meridian) bound, that is, 
the one determined by the element (1,1) in H^{T'^,Z2). Introduce the coordinates u 
and V on iif^(r^,M), defined by the property that, under the projection to x(r^), they 
satisfy the following condition. For [A] G ""([^D is the holonomy around the 

meridian m and w([^]) is the holonomy around the longitude I. Under this coordi- 
nate system, the singular point Q is given by (1, 1) in x(T^), and the reducible circle 
x(F) = My'^ is given by {u = 0}. Also for the unperturbed Seiberg-Witten equations 



gi = kidu"^ + k2dv'^ 



□ 



1.3 away from the singular point 6 G x(^^)- 
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on i^iK) C Y, with the metric of non-negative scalar curvature, strictly positive away 
from the boundary, the reducible circle xii^i^)jY) is given by 

Ly :={v = 0}CxoiT\Y). 

Similarly, in the case of Yi, choose a metric with a long cylinder [— r, r] x T^, which 
agrees with the original metric on Y when restricted to the knot complement V, and 
such that the induced metric in the torus neighbourhood i^(i^) is as described in Lemma 
4.11, then the reducible circle x{'^{K),Yi) is given by 

Ly, := {v-u = l}Cxo{T\Yi). 

We might have expected that the reducible case would be Ly^ := {v — u = 0} from 
the -|-l-surgery manifold Yi. The shift is due to the fact that -|-l-surgery changes the 
underlying Spin structure (1, 1) by tensoring with a flat Z2-bundle of class (0, 1) in 
H^{T^,Z2). In the case of Iq, the reducible circle x{^{^):Yo) for the unperturbed 
equations is mapped to a circle {n = 0} C x(r^). This is because 

x(t2, u{K)) = x{T\ V) = x{T\ Fo) = K X S\ 

so that x{^{K)i ^) consist of a Z-family of circles given by {-u = 2A;, /c G Z} where u is 
the coordinate of M in M x 5^ . The gluing map on the fiber product 

-^y,!^, ^x{T\Yo) {u = 2k} 

would correspond to the moduli space A^i^, (^fc) where is the Spin'^ structure with 
Ci{det5k) G H^(Yq,Z). For the trivial Spin'^ structure Sq, there would be a circle of 
reducible monopoles in Alyo(so) resulting from gluing the reducibles x(^) Y)i^{u = 0}, 
we need to introduce a small perturbation inside iy{K) such that x{^{K), Yq) = {u = rj} 
where rj is small number in M for the trivial Spin"^ structure So- 

Clearly, in all the cases, x(i^(-f^)) does not go through the singular points {7r~^(0)}, 
hence there is no need to consider the gluing map at the singular point Q. Note that, 
after perturbing the metric inside a compact set on the manifold V with an infinite 
cylindrical end, we can make the open ends in Mv not limit to any intersection points 
of x(^) = My'^ = {n = 0} with any circle xit^iK)) for either Y,Yi or Yq. 

□ 

Thus, with our choice of metric as in the previous subsection, and with the choice 
of perturbation as in Theorem 3.10, we see that the gluing result stated in Theorem 
1.3 holds for the manifolds Y,Yi, and Yq. This completes the proof of Theorem 1.3. 

Remark 4.13. Note that gluing the reducible m,onopoles on V and v{K) with matching 
boundary condition just gives the extension of the flat connections to the whole manifold 
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(after a possible gauge transformation). We call this the trivial gluing. The unique 
reducible point Oy in My is obtained by the trivial gluing of the unique intersection point 
between the lines Ly = {v = 0} and {u = 0} = tt^^{x{V)) C x{T'^i^)- The unique 
reducible point Oy^ in My-^ is obtained by the trivial gluing of the unique intersection 
point between the lines Ly = {v — u = 1} and {n = 0} = TT^^(xi^)) ^ x(r^, Yq). 

5 The geometric triangle and proof of Theorem 1.1 

In the previous section, we showed that the moduH spaces for irreducible monopoles 
on Y, Yi and Yq are given by the gluing maps on the following fiber products: 

^*Yir) = Mv,Y XxiT^Y) = 0}' 
■^k(r) = ^V,Yi Xx(T2,n) {V-U= 1}, 

^*Yo{r)(^''^-^V,Yo><x{T^Yo){u = 2k}, fork^O, 
■^yo(r)(^o) = M*y^y^ XxiT^Yo) {U = V}, 

where {u, v) is the coordinate system on ^iid its covering spaces, > is a small 

parameter, and r >> is a sufficiently large number. We can study these moduli 
spaces on the common character variety Yq) which can be identified as a cylinder 

M"^ X 5^. Specifically we take it to be the domain (see Figure 1) 

{{u, v)\ueR,ve [-1, l]}/{(n, -1) ~ (n, 1)} 

in which the lines corresponding to Ly, Ly^ and Ly^^{5k){k G Z) are drawn. 

















%„(^o) y 


^^H) y. 










y (0,0) 











v=0] 



Figure 1: The geometric triangles 

In this section, we introduce a suitable perturbation of the curvature equation, 
supported in the solid torus x 5^ , that simulates the effect of surgery such that the 
reducible line corresponding to v{K^ C y is given by the curve v = f'{u) as shown in 
Figure 1. 

For a generic perturbation we can assume the curves doo{My) stay away from the 
intersection points {Ly Pi Ly-^, Ly n Ly^, Ly^ n iyg}, hence 9oo(My) is away from small 
neighbourhood U of those intersection points. Then we can choose a function / : M — > R 
such that the curve v = f'{u) is arbitrarily close to Ly^ and Ly^ away from the region 
U . This curve is illustrated in Figure 1. The closeness can be measured by a small 
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parameter e, such that as e ^ 0, f = f'{u) approaches Ly^ and Lyq away from the 
region U. We suppress the dependence of v = f'{u) on e. 

Fix a [/(l)-connection representing (0,0) on x{T^)- For any C/(l)-connection A, 
define Ta to be 

T,{A) = -i[ (A-Ao), {zeD^). 

J{z}xS^ 



Choose a compactly supported 2-form fi representing the generator of H'^p^(D'^ x 5"^), 
such that we have /D2x{pt}/f^ = 1 fo^" point on S^. Under the isomorphism 
H^p^{i'{K)) = Hi{i'{K)), given by Poincare duahty, this form corresponds to the gen- 
erator [jj] = PD^(^j^-^{l). The class of /x in H^{D^ x S^) is trivial, and we can write 
H = dv, where is a 1-form satisfying Jgi-^^pfy ^ = ^, i-e- i' = PDx^Q.). 

Now perturb the Chern-Simons-Dirac functional on i>{K) C Y{r) by adding the 
term 

Then the perturbed Seiberg-Witten equations can be written in the following way: 

r FA = *a{^,^)+r{TA)lJi ^ ^ 

{ ■ (45) 

Denote the moduli space of (45) (with generic perturbation from Vq) on Y{r) by Aly,^- 
With respect to the chosen metric on i^{K), with sufficiently large positive scalar cur- 
vature on the support of /x, the only solutions of the perturbed monopole equations on 
iy{K) C Y{r) are reducibles {A,0), that satisfy 

Fa = f{TA)i^. (46) 

With these preliminary results in place, we can prove the main theorem (Theorem 
1.1) of this paper. 

Proof of Theorem 1.1. This now follows from the previous discussions and the 
gluing map (cf Theorem 1.3). From Theorem 1.3 and the surgery perturbation (45) on 
i^{K) C Y{r), we have 

M*Y,, = M*v,yX^^T^Y) {V = f'{u)}. 

Since we are gluing away from the lattice of 7r~^(0), the limiting points of the open 
ends of A^y and the neighbourhood U of the intersections between the character lines, 
we obtain that solutions of the equations (45) can be identified with 

M-Y^ n = My x^(j-2^Y) { either v — u = 1, or u = 2k,0 ^ k e Z or u = rj}, 
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when the curve v = f'{u) is sufficiently close to the line {v — u = 1} on x(r^, Yi) and 
the line 

{u = 2k,0^ k e Z}, and {u = rj} 
on x{T^,Yo) (see Figure 1) away from U. This shows that 

M*Y,^^MY,U(jMYoiSk), 

as claimed in Theorem 1.1. 

6 Relative grading 

In this section wc show that the grading of the Floer complex C\{Y,iJ,), defined with 
respect to the unique reducible point 6y, induces compatible gradings on the Floer 
complexes C*(yi) and C^,{Yo,5k)- The main tools we need in this Section are splitting 
formulae for the spectral flow, as in [4], [9], [26]. We shall flrst set up the necessary 
notation. 

On the space ^o) whose tangent space at any point is i/-^(T^, R), wc introduce 

the symplectic structure: (a, b) a A 6, for a,b E i?^(r^, M), consider the following 

Lagrangian submanifolds of x(T^,lo) 

^Yi = T^*{doo{M,(K),Y,)) = {{u,v) G R'l^; - n = 1}, 

where 

7^:x(^^Fo)^x(^^K^)) 

is the covering map. We can identify this Lagrangian submanifold with a constant path 
of Lagrangian subspaces in i7^(T^, M), given by the tangent spaces along £yi, which we 
denote ii{t). Similarly, we can consider the lines 

iYoik) = {{2k,v)\v eR}, 

for any fixed 7^ fc G Z, and 

eYo{0) = {{v,v)\veR}, 

then we have 

Uk&Z^Yo{k) = doo{M^(K),Ya)- 

Each Lagrangian submanifold ^yo(fc) in x{T'^ ^^o) determines a path lYo{k) of La- 
grangian subspaces in the tangent space iJ^(r^,M). 
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Moreover, there is a smooth curve 

= ^*{dUM,^K),Y,)) = {{n,v) G R'lv = /'(«)}, 

with TT : x(r^,yb) — x{T'^j^{^))- We can form smoothly varying Lagrangians of 
H^{T'^,M.), by taking the tangent space along the curve. We denote the resulting 
Lagrangians by 

Given any choice of two Lagrangians i± in the tangent space H^{T'^,M.) 
at the same point on xC^^^^o) we can define the operators that linearize the 
monopole equations on the manifolds with boundary V{r) = V x [0, 2r] and 

i'{K){r) = y{K) X [0, 2r]. More precisely, for a sufficiently large r > ro, the 

gluing theorem gives a splitting {A,ijj) = (^', ■0')#r(o, 0), and we can consider the 
operators (Cf. Section 4.2) on the extended Lf spaces 

where P± are APS boundary conditions [1] on the extended L\ forms and spinors. 

Suppose we are given a path 1{t) of Lagrangians in i?^(r^,M), which can be written 
in the form 1{t) = T^i^^^l, for some Lagrangian submanifold £ of x(^^5 Yq) with a regu- 
lar parameterization a(r). Assume that, for < r < 1 the arc a(r) of the Lagrangian 
submanifold £ avoids the lattice of {tt^^{Q)} and the limiting points of dooiMy) on 
the circle x(y)- Moreover, we assume that we have a and b in £0 £yi and that £ and 
iy^ intersect transversely. Assume the arc of between these endpoints is parame- 
terized over the same interval < r < L Moreover, for small enough e in the surgery 
perturbation /x, there are distinct points and in £r\£i^. We can assume that, for e 
sufficiently small, also £ and £^ intersect transversely, and there are parameterizations 
of the arcs of Lagrangians £ and with endpoints and 5'^. 

We have the following result, which is the key lemma in the comparison of the 
Maslov indices. 

Lemma 6.1. With the hypothesis as above, we have 

Maslov{£{T),£Yi) = Maslov{£{T),£f^{T)), 

where the first Maslov index is computed with respect to the parameterizations with 
endpoints a and b, and the second with respect to the parameterizations with endpoints 
and b^, as specified above. 

Proof. By applying the properties of the Maslov index (cf. [5], Section 1), we can see 
that the claim follows, upon showing that we have 

Maslov{£^{T),£Yi) = 
which is obvious by the choice of ^j^(r) and iy^. □ 
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As a consequence of this result, we obtain the following proposition relating the rel- 
ative gradings on My ^ and respectively. Given a path {(A' (t) , ip' (t))\t G [0, 1]}, 
and a corresponding path {(a(r), 0)|r G [0, 1]}, we can consider the corresponding paths 
of operators iJ(„(^) o)) and q)- 

Proposition 6.2. Suppose we are given two irreducible critical points a = [Aa,ipa] o,nd 
b = [Abjijjb] in Myi' '^'^'^ corresponding elements a*^ = [Al^,ip^] and 6^ = [A^, V'^] 
Mv„. Then we have 

degy,^(a') - degy^^(6') = degyj(a) - degy^(6). 



Proof. Under the pre-gluing map, we can assume that (A^,^^) and (^^,■0^) are 
connected by a path (A'(t), V''(T))#r-(a(''"), 0) (r G [0, 1]), where we have 

(^^,V^) = (A'(0),V'(0))#.(a(0),0), 
{Al,i;l) = {A'{lWilMria{l),0). 

Then by definition, 

degy,^(ALV'a) - degY,^(^^,^^) = ^SFY(r){H(A'{T),^'{T))#r(a{T),0)), 

We can compute this spectral flow with the splitting formula on Y(r) from (Theorem 
C of [4]). We obtain 

e'5^(^(A'(r),^'(r))/(r)) + Maslov{i{T),i^) + sS F{H ^^^^^^^^^^^) . 

With the analogous splitting formula on Yi{r), by applying the Capell-Lee-Miller de- 
composition of the spectral flow (Theorem C of [4]), we obtain 

degyj {Aa, tpa) - degy^ {Ab, tp^) 
= e5F(//(^,(^) ,^,(^))^,-(^)) + Maslov{i{T),h) + 65F(/f(„(^)^o^^,-J. 

In both cases, we can assume that we consider the same boundary value problem (the 
same choice of Lagrangians) for the operator on the knot complement V. We choose 
or ii for the operator on the tubular neighbourhood of the knot i^{K). The previous 
Lemma shows that the quantities ^SF{H^^f^^^ ^-^ and e5F(i?^^^^^ coincide, and 
that the two Maslov indices are also the same. □ 
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Similarly, we can now compare the relative grading of two solutions in Myoi^k) 
with the relative grading of the corresponding solutions in A4y,^. 

Again, suppose we arc given a path £(r) of Lagrangians in the tangent space 
i?^(r^,M), of the form £{t) = ^^(r)-^, for some Lagrangian submanifold i of x(T^,y) 
with a regular parameterization a(r). Assume that, for < r < 1 the arc a(r) of 
the Lagrangian submanifold £ avoids the lattice of {7r~^(0)} and the limiting points 
dooi-^v) ^^^^ circle x(V^). Moreover, we assume that we have a and b in in ivoik) 
and that £ and iYoik) intersect transversely. Assume the arc of ivoik) between these 
endpoints is parameterized over the same interval < r < 1. Moreover, for small 
enough e in the surgery perturbation there are points a'^ and in i n i^. We can 
assume that, for e sufficiently small, also i and intersect transversely, and there are 
parameterizations of the arcs of Lagrangians £ and with endpoints and b^. 

With these hypothesis we have the following lemma, whose proof is analogous to 
the proof of Lemma 6.1. 

Lemma 6.3. With the hypothesis as above, we have 

Maslov{£{T),£Yo{k)) = Maslov{£{T),£^{T)), 

where the first Maslov index is computed with respect to the parameterizations with 
endpoints oq and bo, and the second with respect to the parameterizations with endpoints 
Oq and 6q, as specified above. 

We have the following proposition relating the relative gradings on A^y ^ and MYo,Sk 
(for k & Z) respectively. 

Proposition 6.4. Suppose we are given a = [Aajipa] and b = [Ab,ijji)\ representing 
two elements in AiYo,Sk) '^''^d let = [^q'V'o] ^'^^ = [^fe^'^^fe] corresponding 
elements in Mv ,,. We have 

degYo,Sk i^a, ^a) - degy^^^^^ (Ab, V'b) = degy_^(^^, - degy^^(A^, ^l) mod 2k. 



Proof. With the notation as in the Lemma 6.3, we have 

(^„,Va) = (^'(0),^'(0))#(a(0),0); 

and 

(A,V'b) = (^'(i),V''(i))#Ki),o). 
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We can calculate the relative grading using the splitting formula on Yo{r) 

We can then compare directly these terms with the corresponding terms in the splitting 
formula for the spectral flow of the operators on Y{r), as in the case of Corollary 6.2. 
The result of Lemma 6.3 guarantees that we obtain the same result. □ 

Notice that the results of Lemma 6.3 and Corollary 6.4 imply that the grading 
degy^^ defines a choice of an integer lift of the Z2jk- valued relative grading of C:^{Yo,Sk) 
given by 

degyo,s;,(^a,V'a) - degy^^^ JA, V'fe) = degy_^(Aa, V'a) - degy^^(A, V'ft), 

under the identification M-Yo,Sk ^ ■^y,ti- We will discuss the properties of the integer 
lift C(*)(Fo,-Sfe) of C*(Fo,-Sfe) elsewhere. 
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